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PREFACE 


How great is the -science which revealed itself: in' the 
S'lilha, and how meagre is .my intellect 1 I 'have' aspired 
to cross the unconquerable ocean in a mere raft."' . More- 
over, the work had had. to be "done hurriedly within a short 
time at his disposal just on the eve of his retirement from, 
.activ.e... life, in the 'University, in 1930', amidst other 
preparatory arrangements consequent thereto. So it eould 
not be made as comprehensive and thorough as it should 
have been. It is nevertheless the author's confident hope 
that this imperfect sketch will create a lively interest in 
the early Hindu geometry amongst the historians of 
mathematical sciences. 

It is a pleasure to express indebtedness to rny teacher, 
Professor Ganesh Prasad, for his interest and encourage- 
ment for the work. In deference to his wish, I deliver- 
ed, by special invitation of the authorities, a course of 
six lectures on the science of the Sulha] in the University 
of Calcutta, during December, 1931. I tender grateful 
thanks to Mr. Atul Chandra Ghatak, Superintendent, and 
the staff of the Calcutta University Press for kindly expe- 
diting the book through the Press in order to help me to 
go back to my retirement earlier. Above ail, I remember 
with pleasure the name of my younger brother, Dr. Binode 
Behari Datta, M.A., Ph.D., for his help and association 
in every way in this book. 

Bibhutibhusan Datta 


Galoidta, 28ih July, 1932. 
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CHAPTER I 


, Sblbas : 

The Bulb as ) or as they are more commonly known at 
present amongst oriental scholars, the Sulba’SutraSi are 
manuals for the construction of altars which are necessary 
in connexion with the sacrifices of the Vedic Hindus. 
They are sections of the Kalpa-sutras, more particularly^ 
of the Brauta-sutras , which form one of the six Veddhgas 
(or ‘‘ The Members of the Veda **) and deal specially with 
rituals or ceremonials. Each Brauta-Buira seems to have 
its own Bulha section. So there were, very likely, several 
such works in ancient times.® At present we know, how- 
ever, of only seven Bulba-sutraSf those belonging to the 
Brauta-suira of Baudhayana, Apastamba, Katyayana, 

^ The Kalpa-sutras are broadly divided into two classes, the Qrliya- 
siitraB (or “ The rules for ceremonies relating to family or domestic 
affairs*’ such as marriage, birth, etc.) and the Brauta-siitras (“ The rules 
for ceremonies ordained by the Veda” such as the preservation of sacred 
ffres, performance of the sacrifices, etc.). The Bulha-sutras belong to 
this latter class. 

2 We have it on the authority of Patanjali (150 B.O.), the Great Com- 
mentator of Panini’s Grammar, that there were as many as 1,131 or 
1,137 different schools of the Veda. 

Or There were 21 different schools of the 101 schools of 

the Yajuf-veda ; 1,000 of the Sdma-veda i and 9 or 15 of the Atharva- 
veda.'' Each school of the Veda, had its own Btmta^sutra and hence 
probably its own Bulba, Thus it seems that there were numerous 
manuals of geometry in ancient India. But most, of them are now lost. , 
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BAIIDHIyANA foLBA 


, Manava, . Maitrayana, Yaraha and ■ Yadlmla. ^ ' These 
manuals are also found separately. 

As related to the different Vedas^ the ■ Sulha-Bfittm 
of Baudhayana, Apastamba, ■ Manava, Maitrayapa and 
Yaraha belong to the Krsna Yajur-veda ; and the Kdtyd>> 
yana Bulb ch But f a to the Suhla Yajuf-ve da, 

it was perhaps' primarily 111 connexion' with, the ^ con- 
struction of the sacrificial altars of proper size and shape 
that the problems of geometry and also of arithmetic and 
algebra presented themselves, and were studied in ancient 
India, just as the study of astronomy is known to have 
begun and developed out of the necessity for fixing the 
proper time for the sacrifice.^ At any rate, from the 
Bulba’SutraSj we get a glimpse of the knowledge of geo- 
metry that the Yedic Hindus had.^ Inoidentaliy they 
furnish us with a few other subjects of much mathemati- 
cal interest. 

Of all the extant Bulbas^ that of the Baudhayana is the 
biggest and is also, perhaps, the oldest. It is divided into 
three chapters. The first chapter contains 116 sutras 
(“aphorisms’’) of which the opening two are merely 
introductory ; sutras 3-21 define the various measures 
ordinarily employed in the Bulbas ; sutras 22-62 give 
the more important of the geometrical propositions 
necessary for the construction of the sacrificial altars ; 
and sutras 63-116 deal briefly with the relative positions 

^ In the commentary of KaravindasYami on the Apastamba 3ulba 
(si. 11), we find reference to two other works, Masaka Sulba and 
HiranyakeH Sulha, which are not available now. There is also a quota- 
tion from the latter work {ApSh vi. 10). 

2 Bibhiitibhushan Datta, The Scope and. Development of the Hindn 
'Ganita^' Ind, Hist, Quart,, Vol. 5 (1929), pp. 479-512. 

3 There are reasons to believe that side by side with the practical geo- 
metry of the Bulbas, the Yedic sacrificial priests had also an esoteric geo- 
metry as their secret property, 
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and spatial magnitudes of the various vedis {qt altars 
The second chapter consists of 86 sutras of which the 
major portion, sutms 1-61, is devoted to the description of 
the spatial relations in the different constructions of the 
Agnis (or ‘Hbe large Fire-altars made of bricks ^3 in gene- 
ral, and the remaining portion, sutras 62-86, elaborates the 
construction of the two simplest Agnis, viz,, the Gdrhapa- 
fya-Giti (or The House-hoider's Fire-altar md Chanda^- 
citi^ (or “ The Agni made, as it were, oi Mantras instead 
of bricks'')* The third chapter, in altogether B2d /Silirast 
describes the construction of as many as seventeen different 
kinds of Kdmya Agnis (or the altars for the sacrifices 
performed with a view to attain definite objects '3 of 
rather complex nature. In case of some, the descrip- 
tion is quite elaborate and minute in details, but in other 
cases it is less so. 

The Sulba-sutra of Apastamba is broadly divided into 
six yatalas (or “ sections "). Of these the first, third and 
the fifth are each subdivided again into three adhydyas 
(or ‘‘ chapters and each of the remaining sections into 
four chapters. So that altogether the work contains 
twenty-one chapters and 223 sutras. The first section of 
the manual, chapters i-iii, gives the important geometrical 
propositions required for the construction of altars. 
The second section or the chapters iv-vii, describe the re- 
lative positions of the various vedis and their spatial mag- 
nitudes. Unlike Baudhayana, Apastamba here indicates 

1 In case of the Gliandasciti, the agnicit (*‘ the Fire- altar-builder ”) 
draws on the ground the Agni of the prescribed shape, ordinarily of 
the primitiye shape of the falcon. He then goes through the whole 
prescribed process of construction imagining ail the while as if he is 
placing every brick in its proper place with the appropriate mantras. 
The mantras are, indeed, muttered but the bricks are not actually laid. 
Hence the name Chandascitit that is, the Miti or altar made , up of 
chandas or Vedie mantras instead of bricks or loose mud pieces. 
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KATYIyANA' sulba 


briefly also the methods of their construction, They 
are ; of' course the particular applications of :the general 
geometrical theorems taught in the earlier section. ■ The 
remaining sections of the Apastamha Sulba-sutfa,' com- 
prising the chapters viii-xxi deal with the construction of 
the Kdmya AgnU, It is noteworthy that almost the 
same set of geometrical propositions are taught by both 
Baudhiyana and Apastamba. But the latter has treated 
of a smaller number of varieties of the Kdmyas than 
the former. For instance, Apastamba teaches only one 
kind of ratha-calira-citi (or ‘‘ the wheel -shaped altar 
whereas Baudhayana gives two. 

The Sulba-sutra of Katyayana, also known as Kcityd- 
yana Sulha-pariiisia or Kdtiya Sulba-parUista^ is divided 
into two parts. The first part is composed in the style of 
the sutras or aphorisms, as those noted above, while the 
second part is composed in verses. The earlier part is 
again subdivided into seven Uandikm {ot short sec- 
tions containing altogether 90 sutras. It teaches the 
geometrical propositions, the different measures employed 
in the work, and the relative positions and spatial relations 
for the different constructions of the Agnis, This manual 
does not treat of the construction of the Kdmya Agnis. 
It is because that subject has been treated in a 
different chapter of the Katyayana Sfauta-sutTa A The 
second part comprises nearly about 40 or 48 verses,^ It 
gives mainly a description of the measuring tape {rajju), 

^ Chap. svii. 

2 There is a bit of uncertainty about the total number of verses in tbe 
Parisis^a of the Katyayana Bulba, The manuscript of it that is 
preserved in the Library of the India Office, London (No. E 363), has 
48 verses, whereas the manuscript in possession of the Bhandarkar 
Institute, Poona (No, 74 of A 1881-82), shows only 40 verses. The latter 
MS. also includes the commentary of Mahidhara on that manual and he 
counts 43 verses* , ■ 
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the gnomon, the attributes of an expert altar-builder and 
also a few general rules for his conduct. Some of the 
processes of construction described in the earlier part 
together with a few other new matters, though of 
comparatively minor importance, also appear there. I think 
the title Kdtydyana Sulha-parisista or (* * The Appendix 
to the 6'ulba of Katyayana ”) was originally designed for 
this part and should be kept reserved to it, even now. 
For it is really a sort of an appendix to the earlier 
part, the Kdtydyana Sulha proper. The commentator 
Eama is also of the same opinion as we are. And 
the same di^erentiation is found to have been scrupu- 
lously maintained by Yajhika Deva, the commentator of 
the Kdtydyana Srauta-sutra. Katyayana observes that 
the second part, especially the recapitulations in it, was 
meant to help those whose intellects are too poor to be 
able to fully grasp the inner meanings of the compositions 
in the sutra style. Compared with the works of Baudha- 
yana and Apastamba, the Sulba of Katyayana presents 
some interesting features as it exhibits the whole body of 
geometrical knowledge required for the Vedic altar-builder 
in a more systematic form. 

The S'lilba-sutra of Manu is a small treatise composed 
in both prose and verse. It is divided into seven hhandas 
(or parts,” '‘.sections ”). In the first section is given a 
description of the measuring tape, the gnomon, measures, 
four methods of determining the cardinal directions and 
also a method of constructing a square on a given straight 
line. It may be noted that we do not find in the 
Apastamba and Baudhayana Sulba-stdraB any method of 
determining the cardinal directions, though it is essentially 
necessary for the proper construction of the sacrificial 
altars to have an accurate knowledge about them. They 
proceed on the assumption that the cardinal directions are 
already known. Katyayana teaches three methods for the 


6 MINOR SULBAS 

same, while Manu teaches as many as four. The sections 
ii-vi treat of the relative positions, spatial magnitudes and 
also the methods of the construction of the the di:Serent 
tjedis. Here we find mention of certain veclis, e.g., 
the PdhaydjfdM, Mdruti and Tdrujil vedis which are 
not included in the abovementioned manuals. The 
last section of the Mdnaya Bulha-sutra furnishes us with 
some hints about the sacrificial fees. It also describes 
the method of the construction of the Siiparna-citi. 
This citi is not found in other Bulba-sfdras, But for the 
head^ its spatial magnitudes are the same as those of the 
most primitive eiU, the Saptavidha-sdratni-’prddesa- 
caturasra’SyGna-city described by Baudhayana and 
others. 

The Maitrdyamya Bulha-sutra is a different recension 
of the Mdnava Sulba-mtra^ They cover almost the same 
ground and, more than that, many passages of them are 
identical. But still they should not be mistaken as 
on© and the same wort. The arrangement of matter in 
them is not parallel. And there are also other marks of 
distinction between them. The Maitrayaniya Bulba-sutm 
is comprised of four Jihandas (or“ sections 

The Vdrdha Bulba-sutra is very closely related to the 
above two works. There are found several repetitions 
between these works. This will not seem strange if we 
remtober that they belong to the same school of the Krma 
Yajur-veda, Similarly we find in these Bulba-sutras 
repetition of a few verses of the Kdiydyana Bulba- 
parisisia. The Vdrdha Bulha-sutra is broadly divided 
into three parts and each part is again subdivided into 
several sections. 

As regards their importance, the available Bulba- 
sutras can sharply be divided into two classes. The first 
class will include the manuals of Baudhayana, A,pastamba 
and Xatyayana. They give us an insight into ( the early 
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state of Hindu geometry before the rise and advent of the 
Jaina Sect (500-300' B.O,)- The- Sulba-sutras of Manava, 
Varaha, ' Maitraya-ga ; and Vadhula add practically very- 
little to our stoch of information in this respect. So they 
may be considered to be of minor importance from our 
point nf . view. 

In the title Stilba-sutTay the word sutra means an 
‘‘ aphorism,*' “ a short rule/* It simply describes the 
style of the composition of the works and has practically 
no reference to their subject-matter. The science itself 
is really called the Sulba, And that is, in fact, the original 
title of the manuals. It is by this title that the ^ulba- 
siltra of Apastamba has been mentioned in his ^rauta- 
suti^a.^ The commentators are oftentimes found to speak 
of the Bulba of Baudhayana, the Bulba of Apastamba, etc. 
This will be further confirmed by the commonly known title 
of the second part of the work attributed to Katyayana, 
namely the Sulba-parUista (or “ The Appendix to the Bulba' ') 
and also by the title Bulbi-hriyd (or “ The Practice of the 
Bulba **) given to that appendix in itself. Thus it is 
proved conclusively that the true name of the subject is 
Bulba, As the Bulba deals with the science of geometry 
and its application as known amongst the early Hindus,* 
we conclude that the earliest Hindu name for geometry 
was Bulba, Geometry was then sometimes also called 
Bajju, as is evident from the opening sutra of the Bulba 
of Katyayana, “ I shall speak of the ‘ Collection of (rules 
regarding) the BajjuJ • * There are many other reliable 
pieces of evidence leading strongly to the same conclusion. 

1 For an insight into Hindu geometry after the advent of the 
Jainas the reader is referred to the author's article, Geometry in the 
Jaina Cosmography,” in Quellen und Studien zur Geschichte der 
Malhematiht Abteiiung B, Bd. 1, 1930, pp. 245-254. 

3 Bibhutibhushan Datta, Origin and fiistory of the Hindu Names 
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In Sanskrit, the words iulba and rafju have the identi- 
cal significance, which is ordinarily ‘‘ a rope/" a cord/* 
The word sulba or Sulva is derived from the root suW or 
iulv meaning “ to measure "' and hence its etymological 
significance is measuring or act of measurement/* 
From that it came to denote “ a thing measured " and 
■ .consequently./ a line (or surface)" as well as *‘;'aniiistru-' 
ment of measurement ” or " the unit of measure/^ Thus 
the terms or ra/fu have four meanings : (1) men- 

suration — the act and process of measuring; (2) line (or 
surface)— the result obtained by measuring; (3) a 
measure— the instrument of measuring; and (4) geometry 
— ^the art of measuring. In the ancient literature of the 
Hindus we indeed find mention of three kinds of measure 
— linear, superficial as well as voluminal— having the 
same epithet rafj'ie. In the Sulbas the measuring tape is 
called raffu. And we further find there the use of the 
word in the sense of “ a line also. For instance, we 
have the term ahsnaya-rajju^^ diagonal line/’ Katya- 
yana observes/ ‘‘(The terms) hara^l (‘producer'), 
tat-HaraTfi ^ (‘ that-producer '), tiryahmani (‘ transverse 
measurer '), farsva^nanl {* side measurer '), and aJcmayd 
(‘ diagonal raj jus are (‘ lines ')/' 

In the Mdnava Bulba^ and Maiivdyamya Siilbay"^- the 
science of geometry is called the Bulha-vijndna (or “ the 
Science of the Sulba *’)/ One who was well versed in that 

for Geometry,” Quellen und Studien Gescli, d. Math,^ Abteil. B, Bd. 
1, 1930, pp. 113-9. 

^ KSl, ii. 7. 

2 That is, etc. 

^ MdSl, iii. 2. 

^ MaiSl, Gil. i. 

5 This term and also the terms sulba-vid and Mha-panprcehaka 
for an expert in the iSulba, will further support our conclusion as re- 
gards the earliest Hindu name for geometry. 
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science was called in ancient India as samMiydjfla 
'' tlie expert in Numbers ’’)» 'pdrimdnajfta (^' tbe expert 
in measuring sama-sutra-niranchalm Q* uniform-rope- 
stretcher *')? Sulhcb-vid (“ tbe expert in the Sulba") and 
Sulba-panprcchaha (“ the inquirer into the Sulba'*).'^ Of 
these, one term, w., Bama-sutra-nlranchaUa, perhaps 
deserves more particular notice. For we find an almost 
identical term, harpedonaptae {“ rope-stretcher appear- 
ing in the writings of the Greek Democritos (c. 440 B.C.). 
It seems to be an instance of Hindu influence on Greek 
geometry; For the idea in that Greek term is neither of 
the Greeks nor of their acknowledged teachers in the 
science of geometry, the Egyptians, but it is characteris- 
tically of Hindu origin. In the Pali literature, we find the 
terms rajjulm and rajju-gTdhalca (“ rope-holder for the 
king's land surveyor.^ The first of these terms appears 
copiously, in its various case-endings, in the inscriptions 
of the Emperor A§oka (2'50 B.G.). In the comparatively 
later Bilpa-idstrm, the surveyor is spoken of as sMm-gatdhi 
or sutra-dhdra (** rope-holder and he is further described 
as an expert in alignment {rekhd-jna^ lit. one who 
knows the line 


2 Jatakat edited by Fausboll, II, p, 367, 
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CHAPTBE II 


Commentators 

There are now available several commentaries on the 
Sulbas, The more important manuals are found to have 
been commented upon by more than one writer. Thus 
we have two commentaries on the Sulba of Baudhayana. 
One of them is by Dvarakanatha Yajva and is named 
Sulha’dlpika The Light of the Sulba ’*). The other, 
called Siilba-mimdmsd C The investigation into the 
Sulba is by Vehkatesvara Diksita. On the Apastamha 
^ulha^ there are as many as four well-known commen- 
taries: (1) Bnlba-vydJcJiyd (‘‘The Explanation of the 

Sulba by Kapardisvami, (2) Sulba-pradipikd (“ The 

Light of the Sulba by Karavindasvami, (3) Sulba- 

pradlpa (“ The Light of the Sulba *') by Sundararaja and 
(4) Apastamblya Sulba-bhdsya (“ The commentary on 
the Sulba of Apastamba by Gropala, son of Gargya 
Nrsimha Somasuta. Sundararaja's work is also called 
Sundara-fdjlya (“ The work of Sundararaja *") after the 
name of the author, as is usual in Sanskrit. I have come 
across two commentaries on the Kdiydyana Sulba, 

namely, Sulha-sutra-vrUi (“ The Explanation of the 
Sulba-sutra ”) of Eama or Eamacandra, son of Suryadasa 
and Sulha-sutra-vivamna (“ The Exposition of the Sulba- 
sutra '0 by Mahidhara. 

The dates of most of the commentators of the Sulbas, 
more particularly of the notable ones, have not as yet been 
ascertained, even approximately. Nor is it easy to do so. 
The periods to which some of them can be assigned from 
the reference by them to anterior writers and from the 
reference to them by writers posterior lie within such 
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widely varyiiig limits as to be of no tangible yalue. We 
shall begin here with the notice of those commentators 
whose times are known either definitely or very nearly so. 

We find from the colophon that Mahidhara completed his 
commentary on the Kdtydyana Sulba in the Saihvat year 
1646 (=1589 A. B.), at Benares. It is also stated there 
that that commentary is based on the Bulba-sutra-vrtti of 
Rama. Mahidhara wrote as many as seventeen works on 
various subjects. BEis Mantramahodadhi was completed in 
1589 A.D. md Visy.ubhalduKalpalatd‘pra'kdsa in 1597. 

The commentator Rama was an inhabitant of Naimisa 
(near modern Lucknow). He seems to have been the 
author of several works such as Karma^lipilid, Kmiddlirti 
(with commentary), Sulha-mrttiUa, Bdhhhydyana 6-rhya’- 
paddkatif Samara-sdra and its commentary, Samara-Bdra^ 
santgrahamd the commentaries on the Kdtydyana Sulba 
and ^araddMlaha Tantra, The date of composition of the 
Kanddkrti is given as 1506 Vikrama Samvat (1449 A.B.). 
In his commentary on the Kdtydyana Sulba, Rama has 
quoted copiously from his Bulba-vdrttiUa {^'The Critical 
Annotation of the Sulba **) and also from his commentary 
on the Saradd-tilaha. There is also a quotation from the 
Trisatikd of Sridhara (c. 750 A.D.).^ In this work we 
notice some new contributions from, him. To construct 
a right-angled triangle having a given leg (a), Rama 
suggests the employment of a new rational rectangle {a, 
8a./15, llajlS) in addition to those taught in the Sulhas.'^ 
But the most notable contribution of him is a correction 
to the well-known Bulba value of \/2, 

^ KSlf i. 30 (com,), The qaofeed passage is the Buie 47 of the 
Truatika of Sridhara, but there is no mention of any name. 

2 i, 15 (com,). 


■ '.sivadIsA ' 

Eama shows that a more accurato (suhsmatara) value 
will be; given by' ^ 

^ ^ ^ 374 “ 3A34 “ 3.4.34.33 

Turned into decimal fraction, the expression (1) gives 

V2 = l*414215686S...and (2), yields V 2:= 1*414213502 

According to modern calculation, V2=l*41421356... So 
that Bama*s value for ^2 is correct up to seven places of 
decimals whereas the Btdba value is up to five places. 

It should perhaps be noted that for certain inconsis- 
tency with the Brauta’Sutra of Katyayana, Eiima suspects 
that the Bulba attributed to Eaty ay ana might be written by 
a different person. ^ But the inconsistency is so minor that 
we cannot subscribe to the opinion of Eama in this 
matter. It can be reasonably explained in other ways. 

Sivadasa, son of Narada, a resident of the city of 
Benares, wrote a commentary on the Manava Bulba, His 
younger brother, Sankarabhatta is the commentator of 
Maitrdyajpya Bulba, Both the brothers quote from Eama 
Bajapeya, who is no other than the commentator of 
the Katyayana Bulba, Sivadasa has quoted the second 
Bhaskara's (1150 A,D.) Buie of Three, and also from 
his Lildvaii, by name. He must have been posterior to 
the celebrated Sayana (1820-1880 A.D.) whom he quotes, 

Sivadasa observes : 

** The study of the Bulba should be begun after having 
finished the study of the science of mathematics; other- 
wise there cannot be a thorough knowledge of the Bulba/' 

^ Ibid, ii, 13 (com,), The rationale of this is stated to have been 
given in the Bulba-vdrttika whence this and the preceding matters have 
been taken. 

« Compare KBl, ii* 8 (0ow,)* 
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Of the known commentaries of the Apastamha Stilha 
the earliest one is, I have good reasons to beiieve, that of 
Kapardisvami. This writer is known to have commented 
also on Apastamha- Srauta-sutra, Apastamba-siltra- 
pafihhdsa, DaTsapaurTi,amdsa-stitra, Bhdraclvdja Grhya- 
suira, etc. He is quoted by Sulapani, Hemadri, Nilakantha 
and others. Now Sulapani lived near about 1150 A.D. 
He was the teacher of the famous Sadgurusisya (1143- 
1193 A.D.)j the author of the Vedarthaclrpthd, Hemadri 
was the minister of King Mahadeva (1260-71) of Devagiri 
and of his nephew and successor Eamachandra (1271- 
1309). So KapardisvamI lived before the twelfth century 
of the Christian era. He has generalised a method taught 
in the Sulbas for finding the rational right-angled triangles 
having a given leg. He says : 

The added portion is divided into as many parts as 
the number obtained by dividing the (given) leg with 
the added portion by half the added portion ; (put) the 
nimnchana mark by diminishing the added portion by one 
part/’ 

Let a be the given leg and suppose it to be increased by 
adding a portion a /m, where m is any rational integer. 
Dividing the increased length by half the increment, we get 


\ m / 


2m 


=2^' m + 1). 


So that the added portion ajm shall have to be divided 
into 2(m + 1) parts. Then the niraflchana mark is to be 
made at a distance 


m 


a _ 

m 


2(m A 1) = 


m 2m(m + l) 


So that 


(2m + l )a 
2m(m + i) 


2 + / 2m +1 _/ 2m^-f2m + l 




\ 2m^+'2m / , .2m^4'2m 
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is equally, available even when m is 
arational fraction; that is, when the given leg is lucre ased 
also fay. a multiple of it, instead of fay only a sufa-niultiple 
of it. But this further generalisation seems to have escap- 
ed the notice of KapardisvamL At any rate, his statement 
does not espressly show that he meant both the cases by 
his generalisation. Karavindasvami is, how^'ever, very 
explicit to leave no doubt in our mind in this respect. 

He says : ^ 

In case of all additions, as many times the added 
portion as the sum of the given side and the added portion 
is, into twice so many parts the added portion is divided; 
make the mark there (i.e., in the added portion, at a dis- 
tance) less by one such part. For instance, in case of 
adding to the given side its half, (consider) that half as 
one part; the given side contains two such parts. So the 
given side with its increment contains three parts like the 
increment. Dividing the added portion into twice as many 
parts, that mark will be (at a distance) less by one-sixth 
the added portion. So in case of increasing the given 
side by itself, the increment is one part ; the given side 
has one part like it. So the given side with its increment 
has two parts. On dividing the increment into twice as 
many parts, it will be divided into four parts; then the 
mark will be (at a distance) less by the fourth part. 
Similarly in case of adding the third part, the added por- 
tion is one part; the given side contains three such parts. 
On dividing the added portion into twice as many parts, 
the mark will be (at a distance) less by its one-eighth 
part. In the same way in case of adding the fourth and 
other parts, the sum of the given side and its increment 
should be divided into parts in the same way and the 
mark should be made (at a distance) less by one such 

1 L 2 (com*). 
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part. Now, when the increment happens to be equal to 
the given side, how is then the given side to be divid- 
ed? How also the mark (should be made)? How also 
in the case when the increment happens to be greater 
(than the given side) ? There also the method is exactly 
the same, we say. But the given side with its increment 
should then be reduced to common denominators; the 
added portion should then be divided into twice the 
number of parts (thus obtained) and the mark should be 
made in it (at a distance) less by one such part. For 
instance, in case of adding twice as much, the increment 
is one part and (in terms of it) the given side is a half 
part. Then on adding together the increment and the 
given side after reduction to common denominators, there 
will be three halves. On dividing the increment into 
twice that number of parts, there will be six halves in the 
denominator; so the mark will be (at a distance) less by one 
of these parts. In case of adding three times, the incre- 
ment is one part; the given side is the third part (of that); 
there the increment contains three third parts. So the 
given side and the increment together contain four third 
parts. On dividing the increment into twice as many 
parts there will be eight third parts in the denominator. 
Then the mark will be (at a distance) less by one of these 
parts. In the cases of adding four times, etc., the divisions 
and the marks should be made in the same way.’' 

Let a be the given side; let it be increased by its mth 
part. 


I a + — W 

\ m / m 


m + 1 


Then 


2(m + l)=.H-r^Xir 

m .2m{m + l) 


a -f g 

4- 1) \ 4* 2w 
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a 

m 


. . • _/ 2m +1 \ 

2m (m + 1) ^ 2m + 2m / 


So. it„lollows, 


2..[ + 1 
\ 2m ^ + 2m 




)V=( 


2m^4-2m“f 1 \^ ,2 
2m^ + 2m / 


Or let the given side a be increased n times it. 

n + 1 ' , 


na 


d + ' 


(a + na)-f*na 

< ) 


n 


n^a 


2ti + 2 


( 


na- 


2?^ + 2 

^1^ + 2^ 4-2 
2?^42 

4 


) 


_/ n^42?i \ 

2n42 \ 2n+2 / 


So it follows 


„,fn^+2n 7 "^ + 2 « + 2 \2 

) V 2v^+2 ; “ 


2n + 2 

The two results can be combined into one 

r^4-2r _ / r^4-2r42 


a^4- 


V 2r+2 } V 


)V 


( 1 ) 


( 2 ) 


2r+2 /" V 2r+2 

where r is any rational number integral or fractional, 

KaravindaBvami, indeed, wrote a commentary on the 
whole of the ^rauta-sutra of Apastamba. He is known to 
be the author of a few other works also. His time is still 
very uncertain. He, is found to have quoted, without 
any mention of name, certain passages from the 
Aryahhatlya (499 A.D.) of Aryabhata I (born 476).^ So he 


ApiSlt iii, 5 (com.) ; the reference Is to the AryMiattya^ ii. 9. 
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undoubteclly flourished after the fifth century of the 
Christian era. ^ Though we are not in a position to fix or 
even suggest any closer upper limit to his time, this 
limit seems to US to be too earlier. There is, however, one 
passage in his commentary on the Apastamba Sulba which 
might lead one to take him as belonging to a very early 
age. He has referred to a certain treatise on mathe- 
matics which gives an incorrect formula for the calculation 
of the area of a segment of a circle : V 

Area of a segment = ‘- 7 — x ^ . 

This formula is not found in any known treatise on 
Hindu mathematics and we further know that from the 
time ofSridhara (c. 750), the Hindu mathematicians used 
a more approximate formula for the calculation of the 
area of the segment of a circle. Does it then follow 
that Karavindasvami lived in an age before the time of 
the discovery of that formula, that is, before 750 A.D. ? 
It may be noted that the other formulae in connexion with 
the mensuration of the segment of a circle have been 
stated as correctly as we find in the works of Brahma- 
gupta (628) and other early Hindu mathematicians. 

We are equally uncertain about the time of Sundara- 
rfija. This much we are sure that he lived before the 
fourth quarter of the sixteenth century of the Christian 
era. For it appears from the post-colophon that the copy 
of the manuscript of his commentary on the Apasiamba 
Sulha now in the possession of the State Library of 


J -Ap*5/, iii. 5 (com,). 

Blit on a different occasion vii. 14-15, com.), he says 

Tills indeed gives accurately the area of the sector of the circle. 

^ 3 ' 
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.Tanjore (No. 9160) was made in Samvat 1688 (=1581 
A.D.), and'tliat in the' Government Goliection of/ the 
Asiatic Society of Bengal in Samvat 1645' ( = 1588 A.I).). 
Sundararaja is found to have quoted ' from Dvarakanatha 
Yajva^s commentary on the B aiidhdy ana Bulba few 
passages dealing with the transformation of a square into 
a rectangle having a given side, the correction to the 
Sulba formula for squaring the circle and vice tJamx, 
enlargement of an altar and certain other matters. 

Dvarakanatha must be posterior to Aryabhata I (499) 
whom he quotes,"^ He proves with the help of illustrative 
examples that the methods taught in the Bulbas for the 
squaring of a circle and vice versa do not lead to an 
accurate result as compared with that obtained by the 
method of Aryabhata. If 2a be the side of the square 
equivalent to the circle of radius r, then according to the 
Bulba, 



i! 8 8.29 8.29.6^ 


, T ■ ... 

8 . 29 , 6 ¥'’ 


These lead to jr= 3*0888..., 3*0885..., respectively. 

Dvarakanatha Yajva emends them to ^ 


a+-| (v'2-l)|( 



“ ( 8.29 8.29.6 8.29.6.8 ) ( 2‘llr)- 

These will work out ff=3'141109..., 3'157991.... 

1 bSIs i. 60 (com.) ; the qaoted passages are Aryahhattfa!, ii* 7, 10. 
s B/S/, i. 60 icom,)^ 
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Dvaralsanatlia Yajva states that 

ahgulis = ?> omgulis 275 

ahgulis^^ ahgulis 32 tilas, 
V3 


is = 8 ahguUs 23 tilas. 


15 

V3 


From these we get 

J_=-680 , •5784313725..., •5784313729.. . 

V3 

AccordiQ§ to modern calculation 1 / 577 ■ 

It should be noted that there were also other com- 
mentators of the Sulhas anterior to those who are known 

tor of the Avastamha Sulha has referred to at 
one such anterior commentator. ^ 


1 “ 


1 ” vii. 10 (cow.). 


GHAPTEK III 

.Growth and Development of the Sulba 

It has already been observed that the science of geo- 
metry originated in India: in connexion with the construction. 
' ■ .of the' altars for the Yedie sacrifices. We'now ; propose, to 
treat this point more fully. We shall further trace, as far 
as possible,' the growth and ' development of ' the Hindu 
Geometry from its earliest state down to the one in 
which we find it now in the Siilba. Much has been 
done before in this respect, by Biirk in his masterly 
introduction to his edition of the Apastamba Bulba A Much 
more still remains to be done. 

The Vedic sacrifices are mainly of tAvo classes : Nitya (or 
‘‘indispensable/’ “obligatory ”) md Kmnya (“optional,” 
“intentional ”). The performance of the saeidfices of the 
former class is obligatory upon every Vedic Hindu. It 
will be a sin for him if he does not do them. But it 
is not so with the sacrifices of the second kind. For they 
are to be performed each with the sole motive of achiev- 
ing a special object. Those who do not aim at the attain- 
ment of any such object need not perform any of them. 

According to the strict injunctions of the Hindu 
Smtra (or“ Holy Scriptures ”) each sacidfice must be made 
in an altar of prescribed shape and size. It is stated that 
even a slight irregularity and variation in the form and 
size of the altar will nullify the object of the whole ritual 
and may even lead to an adverse efiect. So the greatest 
care has to be taken to have the right shape and size of 
the altar, 

1 ApasUiw,h{i’‘SulhiX-’Sutfa^ edited and translated with an latrodnc" 
tion by Albert Burk, IjY and BVI. 
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There are multitudes of the altars Of the Nitya Agm 
(or “ the altars for the obligatory sacrifices the three 
primary oues are the QdrhapatyaAAhavamya and Dalhina, 
Every Vedic Hindu has to oSer sacrifices in them, daily. 
Other obligatory sacrifices are seasonal and are performed 
at special periods. According to the nature of the oblations 
they are broadly subdivided into three groups : (1) Isti Yajna 
(or '‘sacrifice with oblations of butter, fruit, etc/') such as 
Harm and Paumamdsa sacrifices which are performed at 
every new-moon and full-moon respectively; (2) Pam 
Yajna (or ‘‘ Animal sacrifice ’') BUQh &B NirudkajmsuhancUia 
which must be performed once every year, more parti- 
cularly, on a new-moon or full-moon day in the rainy 
season; or according to a different school twice every year 
at the time of the winter and summer solstices; (3) Soma 
Yajna (“ Soma sacrifi.ee "')• This last sacrifice is very big 
and expensive and so cannot be perforin ed often. But it 
must be performed in a family of yedic Hindus at least 
once in three generations. 

Now we find it from the Bulba, that the altar of the 
Garhapatya must be of the form of a square, according 
to one school, and a circle, according to a different school. 
The altar for the Ihavanlya should be always square and 
that of the Dahsina semi-circular. The area of each, 
however, must be the same and equal to one square 
vydma (1 vtjdma=9d ahgnUs), So the construction of these 
three altars, it will easily be recognised, pre-supposes the 
knowledge of the following geometrical operations : — 

(i) To construct a square on a given straight line. 

{ii) To circle a square and vice verBci* 

{Hi) To doable a circle. 

The last problem is the same as to evaluate the surd 
^"2. Or it may be considered as a case of doubling a 
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square and then circling it. So in that case, we get at 
the proposition:— ® “ 

The area of the square on the diagonal of a square 
IS double the area of that square. ' 

Th& Saumikl-vedi ox Maha-vedi is described as an 
isosceles trapezium whose face is 24 padas (or prabramas) 
baseSO padasand altitude 36 padas. The Lutram am 
IS stated to be an isosceles trapezium similar to and 

^ h an area one-third that of the Uaha-vedi, and the 
Pattrk.vedt IS one-mnth of the latter. The Pragvamsa 

IS a rectangle. These and other similar altars lead to the 
operations: 

W To constaol a „ota»glo I,.™^ 

W lo oonsWat,iaoso.les l.-apeai„„ whosa face 

baso and altitude are given. * 

(ru) To find the area of an isosceles trapezium. 

(m«) To construct an isosceles trapezium whose area 

wdlbe equal *o simple multiple or sub-multiple of, 

which will be similar to, another isosceles trapezium 
Geometrical operations of more comnlp^ ‘ 
required for the accurate construetTor^ Z T 
(or “the fire altars for the sacrifil ^ 

special objects"). Amongst them the most andent 

primitive form is the Syena-cit (or “ the altar of the form 



: ; TRANSFORMATIONS ; /■ , 

of the falcon *')* The dUnan (or ‘‘ body/’ of 

this citr (or ‘‘ altar *’) consists of four squares of one square 
piirusa each. Each of its wings is a rectangle of one 
purusa by one purusa and one amtni of a purusa). 
Its tail is a rectangle of one purusa by one purusa and a 
ffddesa of a purusa). This altar is more usually 

celled SaptavidM-sdTatni'j)Tddesa-caiuTasfa’87jena-€M be- 
cause its area is 7| square purusas, its shape resembles that 
of a falcon and because the bricks used in its 

cGnstruction are square. 

The Fire-altars for other optional sacrifices are pre- 
scribed to be of difierent shapes. Thus we find altars also 
of the shape of (2) valcra-paksa vyasta-pucoha syena (or 
“the falcon with bent wings and outspread tail ”), (3) hahlm 
(“heron’*), (4) alaja (a kind of bird) , (5) (“triangle” 

usually an isosceles triangle), (6) iibhayatah prailga 
(“ triangles on both sides/’ that is, a rhombus), (7) rathcir 
caUra chariot wheel”), (8) /‘trough”), {9) samuhya 
(“combined”), (10) panca^/^a (“circular”), (11) smamna 
(“cemetery”), (12) Uurma (‘‘tortoise”), etc. Each of these 
altars shall have the same area as that of the standard 
form of the &yena-cit^ that is, 7| square purusas. 

For the accurate construction of these altars, previous 
knowledge of the following principal geometrical proposi- 
tions will be essential besides those noted above and a few 
others : 

{ix) To construct a square equal to a simple multiple 
(or sub-multiple) of another square. 

{x) To construct a square equal to the sum or differ- 
ence of two unequal squares. 

{xi) To transform a rectangle into a square and vice 
vend. 

(xii) To construct a triangle or a rhombus equal to a 
square* - ■ ' . . 
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A knowledge of the , following important tlieorena 
is .most indispensabie for .the. geometry of the altar- 
,. .construetion. :: . 

(xiii) The area of the' square described on the diagonal 
of a rectangle is equal to the sum of the areas of the 
squai'es described on its two sides. 

Every one of the altars is constructed with five kiyers 
of bricks, which together come usually up to the height 
of the knee ( = 32 ahgulis)^ In some cases the use of more 
layers of bricks is permitted with the proportional increase 
in the height of the altar. Now every layer, it is pre- 
scribed, contains a definite number of the bricks of speci- 
fied shapes. For instance, each layer of the square 
Garhapatga altar is constructed with 21 bricks of square 
or rectangular shape and each layer of the Catiirasra 
Syena-dt consists of 200 square bricks. Again in the 
ease of the altars of other optional sacrifices, shape of the 
bricks are varied, but the number of them to he employed 
in the construction remains the same, f.c., 200. Sometimes 
the one and the same altar is constructed in difierent 
patterns. All these have given rise to (1) the problems 
of the division of figures into a particular number of parts 
of specified shapes and also to (2) certain interesting 
problems of indeterminate character. 

It has been stated above that a Kdmya Agni has an 
area of 7-| square purusas. That is the case only at the 
first construction of the altar. At its second construction, 
the area has to be increased by one square purusa; at the 
third construction by two square purusas ; and so on until 
to the size of lOlJ square purusas. But the strict injunc- 
tion of the scriptures is that the shape of the altar on the 
whole, that is, the relative proportion between its different 
constituent parts at any construction, must not be altered. 
Thus arise the problems of constructing similar figures. 
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Such is= in brief, a rdsum4 of the more salient points in 
the elaborate and minute in details specifications of the 
shape and size of the principal sacrificial altars and of the 
aeometrieal knowledge presupposed in their construction, 

M we find them in the extant Sulba. What should be 
particularly emphasized now is the fact that those speci- 
fications are not due to the authors of the l^ulhci them- 
selves. They do not even pretend to make any such 
claim. On the other hand, they have often and then 
expressly admitted to have taken them from earlier works. 
We, in fact, find that numerous passages of Baudhayana- 
and Apastamha SwZb a dealing with the spatial magnitudes 
of sacrificial altars as well as with the methods of their 
construction, end with the remark iti vijrlayate [or “ it is 
known,” ‘‘it is recognised or prescribed (by authorities) ”].'i 
Sometimes iti abhyupadisanti (” thus they teach ’T or iti 
wHamC'it has been said”),^ is used in the same sense. It 
has been rightly pointed out before by Garbe * that all 
those passages of Ipastamba are literal quotations from 
the Taittinya Brahmam or from the Brahmana-like por- 
tions of the Taittinya Samhita or AmnyaUa. That is 
exactly true also of the similar passages of Baudhayana. ° 
This writer is occasionally more explicit about his sources. 

In connexion with certain difference of opinions amongst 

the altar-builders about the proper size and shape of a 

1 BSl, i. 65, 71. 70, etc. J iw 1. 8> 5 : 

2 BSl, i. 85. 

3 ApSl, ix. 2. ' '' n 

i FWe the Preface (p.xviii) to his edition of the Srautu Sutra of 
ipaata.m6o, Vol. Ill, Calcutta. 1902. Gerbe has pointed out m a most 
soLlarly manner the relations of, this work with others such as 

Samhita, BraJmana and Sra^ta-suira. . ^ 

5 Compare for instance the passages with such remarks in BSr, xxiv. 2 
with TS, i. 2, 2. 3; BSr, "'29:«'W, i« ,7- 3. BSr, xxvi. 

Til. 4. 2. 3, PanBr, xsiii. 19. 8 ; etc* , 

4 
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particula-r altar, ^ Baudhayana is.-, found appealing to .tlie 
authorities of the BmJimana , " by name, for the purpose of 
arriving at a satisfactory settlement. “ This is not right,**; 
observes he, ‘ ‘ as it will bring this opinion in contradiction 
with the ancient precepts. Eegarding this' point the 
Brahmam of some is as follows..., of others is... And the 
following is om Brdhmana,,.'* ^ By “ our Brahmana * * is 
meBnithe Taittinya Samhita, where indeed the quoted 
passage occurs.^ On a different occasion, in conncixion 
with certain method of constimcting a particular altar, 
Baudhayana remarks : There is also b Bmhmana on this 
point. Here again the reference is to the Taittinya 
Samhitd,^ There are also other mentions of BmAmana 
in general by Baudhayana.® He has once quoted the 
Maiirdya?iiya BraJimana by name.'^ Katyayana is found 
to have appealed similarly to the authority of the '‘Sruti,** 
on two occasions.^ Apastamba has sometimes observed 
that certain constructions are not sanctioned by the 
Sniti.^ Thereby he clearly implies that other matters 
about the spatial magnitudes of the sacrificial altars and 
the methods of constructing them, that have been record- 
ed by him, are in full accordance with the teachings of 
the Bniti but are not his devices. This he has admitted 

• 1 The controversy is as regards the constroction of the falcon-shaped 
altar of areas 1-| to 6 J square purnsas wither withont wings and tail. 
This will be dealt with more fully later on. Compare Ap3l, viii. 3-5. 

s BSI, ii. 15-9. 

3 TS, V.2. 5. 1* 

4 Bm, ii. 35. 

5 TS\ Y, 6. 6. 3. 

- 6 BSl, iii. 6. Here the reference is to TS, v. 3, 1. 5 and v. 5. 3. 2*; 
Compare also Hi. 1 with TS, v. 4. Ui 1, 

7 Hi. 10. 
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also otherwise, as has been ^ 3 ^^ out. It will be 

further shown presently that we can, indeed, trace 
most of the matters contained in the ^ulba to the earlier 
Bfdhmana s>nd -Bamhita, 

The reference to the sacrificial altars and their con- 
struction is found as early as the JRg-veda Samhitd (before 
8000 There is mention in that work of the /‘three 

places ’’ of the Agni, ® which doubtless imply the Qdrha- 
patya,^ Ahavcmlya B,iid DaUsindgni, Though we do not 
find there any specific mention about the relative sizes and 
shapes of these altars we have nothing to doubt that they 
were, in any way, different from what we meet with in 
posterior Brdlimana/^ Hence it seems that the problem 
of the squaring of the circle and the theorem of the square 
of the hypotenuse (at least in its simplest form) are as old 
in India as the time of the Rg-veda, They might be older 
still. For it has been shown by Oldenberg that those 
three fires are earlier than the RgrvedaJ" 

In the Rg-veda, it should be made clear, there is no 
particular rule for the construction of the altars. We can- 
not indeed reasonably expect to find such a rule there, 

^ There are innumerable references in the to the sacrificG'-altars 

and tbeir constructions. For the mention of the Dedit see for instance 
RV., i. 164. 35 ; i. 170. 4 ; v. 31. 12 ; vii. 35. 7, etc. ; and for its construc- 
tion compare the passages : “ 0 Lovely (Agni) I They construct the mdi 
for you and offer oblations there ” (#F, viii. 19. 18) ; “ measured out the 
vecU'^ (^F, s. 61. 2), etc. 

2 ‘‘ mm 51^ v. ii. 2 . 

3 The mention of the Gdrliapatya Fire by name occurs, for instance, 
in RY\ i. 15. 12 ; vi, 15. 19 and s. 85. 27. 

^ The first express description of the Gdrhapatya as a circle of one 
square vydma (=^ pumsa) and of the Aha^amya being a square of the 
same size appears in the Satapatha Brdhmdna (vii. 1, 1. 37 ; vii. 2. 2, 1 ff* 
Cf. SBE, VoLXL, iii, p. 307, fn. 2). In the TaitUnya SamMta (v. 2.5.1), 
the Alidvanlya- is stated to be of one (square) pur usa. 

s Oldenberg, Religion des Veda, p. 348/n. 2 ; iS'BF, VoU XXX, p. ix. 
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wHen we remember the nature of that work. We learn 
from it, however, that there were then learned experts 
to do that work. This is very important inasmuch as it 
implies the existence of the science or the art of the altar, 
construction. An expert in that science is called Apnic/t 
(or the constructor of the Ap?^^ or Fire-Altar ”) This 
term appears in the Taiffeii/a SamMid, MaitrayaMya 8am- 
htta, Satapatha Brdhmam md other early works In these 
works we also find rules for his conduct. ‘ 

We next turn to the Yajur-veda whieb is very rightly 
described as the encyclopaedia proper of the Vedic sacrifices 
There we find a very elaborate, and in detail tedious, rite 

01 the ^Agni-cayana (or “the construction of the Fire- 
altar ”) and its highly speculative philosophy . 2 The same 
rnystic import is found, it is noteworthy, ' in the 8a,^hm 
of the different schools of this Veda such as the Taittinya, 
M^irayapa, Kdthaka. Kapisihala and Va^asaneya This 
shows that the Agni-cayana and its philosophy had taken 
defimte shapes in an earlier period. Eggeling 3 fias, indeed, 

sowing (v, 2. 5, 5-6). He is particnlarlv fnrh'^r^ ^ ^ ^ 

w,d.. .. Th. i. . , /"XI? 

1« wouM b. „ll»8 ,b. b. ,„un .. , " • ‘if’ 

same prohibition is found also in the MmirSvaniva v- r ■' / ' ^ ® 
Aaiapatha Brahma, la. In the latter work ‘we find 
opinion. “Here, now, they say, ‘He wboLas built an altar m Tr''' 
of any bird, for he who builds a fire-altar becomes of a bird’s “f T 
would be apt to incur sickness : the Agnieit therefore / “ ’ 

any bird.’ Nevertheless, one who ^0^11 I t i 
he who builds an altar becomes of Agni ’s form an 1 V 

belongs to Agni : whosoever knows this will know kTt Si f^d^l 

.. him. m,. 1. 4, ,3. ^ ^ ‘ '«a bdobg. 

ApSr, xvii. 24. ^ o. I 

2 Compare The Veda of the Blank Yajus SchooHxen.Ur., ■ . r, 

lish by A. B. Keith, Cambridge, ‘Mass 19i i ^ “to Eng. 

. MR w. am, 
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traced the origin of tlie philosophy to the Rg-voda. 
In the Bmhmcmar the science of the construction of the 
Fire-altar is found in an enormously developed form. Thus 
five sections vi-x) out of a total of fourteen, 

or rather more than one-third of the whole of the 
Saia'patha Bralimai^a is devoted to the treatment of this 
science. We cannot definitely ascertain how much of this 
development is due to the Bmhmana and how much of it 
is still older. For, according to the introductory chapters 
of the HiranyaBeii and Ipastamba Brauta-siitfa, it is 
one of the primary functions of the Brahmana to 
describe, amongst other things, the Karma-vidhi (or 
Rules for the performance of the sacrificial rites*') 
and the Purd-Jcalpa (or “the performance of the 
sacrifices in former times"). So . that the Brahmana 
simply keeps up a record of the ancient traditions. 
Indeed in those works, all rites are traced to the gods 
as their originators or even to the Supreme Creator 
of the universe. Still the , general truth is that every 
science has its growth and development and the 
science of the altar- construction cannot be an exception 
to it. So it will be quite natural to believe — and we have 
corroborative evidence of it — ^that the science truly 
attained a new stage in the time of the Brahmana (c, 
2000 B.O.). The existence of difierent masters of this 
science with independent views is found even as early as 
the time of the Taittmya Samhitd (c. 8000 B.C.).F 
Alore conclusive evidence of it is furnished by the Srauta-^ 
suiras which are’ a sort of compendiums of earlier theo- 
ries, In the Baiapatha Brahmam, there are clear 
attempts to refute some of. the earlier theories of the 
science of the altar-construction {vido infra) ^ 

i Eeferencesto the earlier authorities are. found, for instance* in- 
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One thing should be made here perfectly clear : the 
treatment in the earlier literatures, the SavihiiG. as well 
as the Brdhmajia, of the measurement of the various 
Vedi and Agni, appertains chiefly to the ritualistic 
aspects of the problems. Eeference to the secular or 
geometrical and other truly scientific aspects are only 
incidental for them and hence are found on rare occasions. 
Fuller details of the geometry of the measurements of the 
altars are particularly described in the Bidba parts of the 
t^rcmta-srdm. But traces of that, it will be shown con- 
clusively in the course of this work, are clearly noticeable 
also in the Bralimana. And it will not be improper, I 
think, to presume that the geometrical methods for the 
solution of the problems of the measurements of the altars 
were known in still earlier periods. For the rituals of 
measurements will be altogether baseless unless accom- 
panied by a knowledge of the underlying geometry. 

In the Taiitinya Samhitd, we find the following 
scanty reference to the scientific operations for the con- 
struction of the Ddrsa'paiiTnamdsiM-vedi : 

He performs the second drawing of a boundary 
himself. The earth is of the size of the altar ; verily 
having excluded his enemy from so much of it, he per- 
forms the second drawing of a boundary himself. Cruelly 
he acts in making an altar/ 

But such meagre descriptions of course do not help 
us in any way to conjecture the geometrical devices 
adopted for the construction. 

We shall now proceed to show, as briefly as possible, 
that some of the specifications about the shape and size 
of the various Vedi and Agni and about their relative 
positions, which we find in the Sulha can be clearly traced 

^ TO, ii. 6. 4, 2*3 (Keith’s translation) , Compare TOr, iiL 2. 9. 10 ; 
BSTf xxiv, 24. 
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to earlier Samhita.: and Bmhmam. This will doubtless 
corroborate the traditional origin of the science of Hindu 
Geometry in a very remote age to be true. We have 
already shown the ancient origin of the three fundamen- 
tal altars, the GdThapatya, Ahavanlya and Dalmndgni, 
Their relative positions are described in the ^atapatha 
Brahman^ and Brauta-sutra ^ to be identical. Accord- 
ing to all the ^ md Brdhmam, as in the Bulba, 

the Gcifhapatya citi mmt he constructed with the same 
number of bricks, namely 21, arranged in an identical 
manner. It is further stated in the TaittirJya Samhitd : 

' ‘ He who constructs (the Gdrhapaiya oiti) for the first 
time should construct in five layers,... He who con- 
structs for a third time should eonstruct in one layer.,.."’'^ 

The spatial magnitudes oi the Saumihuvedi (or ‘‘the 
altar of the Soma-sacrifice also called the 
(“the Great Altar ’0 which has been already described to 
be of the form of an isosceles trapezium whose face 
is 24 prakramas (or padas) long, base is 30 and altitude 36 
prakramas, are given in the and Satapatha 

BrdhmanaJ But the earliest description of a method of 
its measurement, or a method for the construction of an 
isosceles trapezium having given face, base and altitude is 
found in the latter work. It says : 

From that (the largest post on the east side) one pro- 
ceeds three vikramas to the east and there fixes a pole; this 

1 BBt, i. 7. 3. 23-5. 

2 0/. bBt ; BiSl, i. 64-69; IpBr, v. 4. 3-5; IpBl, iv. 1-4; KSr, 
iv. 8. 19 ; KSl, i. 26,2 8. 

3 Of, TS, V. 2. 3. ; MS, uL 2. 3 ; KtS, xx. 1 ; KapS, xxxii. 3. 

4 SBr, vii. 1. 1. 18, 33-4. 

6 TS, vi. 2. 4, 5 ; MS, in, 8. 4 ; KtS, xxv. 3 ; KapS, xxxviii. 6. 

? BBt, ill 5. 1. Iff ; s. 2. 3. 4. Compar© also BSr, vi. 22 ; IpSr, xi. 
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is the middle- hind pole (antahpdtah) . From the middle- 
hind pole, he goes 15 ■ prakramas.. towards the south and 
fixes a pole there; this is the south-west corner (of the 
Mahd~vedi), From the middle-hind pole, he proceeds 
15 prakramas towards the north and fixes a pole there; 
it is the north-west corner. From the middle-hind pole 
he goes 36 prakramas , towards the east and fixes 
a pole; this is the middie-front pole. From the middle 
front pole, he strides 12 prakramas towards the south 
and fixes a pole; this is the south-east corner. From 
the middle-front pole, he goes 12 prakramas towards 
the north and fixes a pole there; this is the north-east 
corner. Such is the measurement of the {Malid<-)vedl/' ^ 

Here or anywhere else in this Bmlimana, we are not 
taught how to draw the east-west line and how to draw a 
line at right angles to it (ne., the north-south line) through 
a given point on it. That there were some methods for 
those constructions is beyond question. We have only 
to conjecture what were these methods. Now almost 
identical descriptions aboufi the measurement of the 
Maha-vedi reappear in the Brauta-suira of Baudbayana^ 
and Apastamba.^ It has been further taught by the 
former writer that ail the measurements are to be 
made by means of a cord on the principle of a rational 
rectangle (vide infra). The Batapatha Brdhmam is 
known to have measured the vedi with a cord,"^ Had 
it also recourse to the same method ? At any rate, it is 
not improbable. For, we have clear evidence to prove 

^ SBt, iii. 6. 1. 1-6. 

2 B^r, vi. 22. In this work the middle-bind pole is called the said* 
mukhlya^sanku and the middle-front pole the yupdvatiya^sanku, 

3 ApBr, xi. 4. 12-3. Compare also vili. 3. 6-12, and the 

method of Kt& quoted in y§iaikadeva*s commentary on the 11th Sutra. 

4 Cf. X. ■ -' ■ ■ ■ 
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that the theorem of the square of the cliagonai, or the 
so-called Pythagorean Theorem was known then and .used 
to be employed in that as well as in other coniiexionsP 

The construction of a square having a given side Is 
described thus (omitting the descriptions of the ceremonies 
and speculative explanations) : 

He then takes up the wooden pin (samyd) and 
wooden sword {sphya). Then from the pole which lies 
in the north-east (corner of the Mahl^vedi) strides three 
prakramas backwards and then marks out the pit {eatvala). 
That is the measure of that pit; it has no other measure. 
Wherever he himself thinks it (proper) in his mind» in 
front of the iithara (‘the heap of rubbish'), there he marks 
out tho pit. He (draws first) the (western) extremity of 
the altar. He lays out the wooden pin northwards and 
marks out (a line)... Then on the front : he lays down the 
wwden pin northwards and marks out (a line)... Then 
on the southern extremity of the altar : he lays down the 
wooden pin eastwards and marks out (a line)... Then on 
the north: he lays down the wooden pin eastwards and 
marks out (a line)...." ^ 

This is, in fact, the square pit, with the earth from 
which the Uiiara-vedi is constructed. Hence both have 
the same cubical content. This measurement of 
the pit reappears in the Sulba, It is, perhaps, 
particularly noteworthy, that in the above we find an 
instance of the use, in former times, of a ruler (in the 
body of the straight wooden pin, called the mmya) to 
draw a straight line from a given point in a specified 
direction. It is not said how those directions, or rather 
the cardinal directions passing through a point were used 


^ Vide infra. 

2 SBr, iii. S. 1. 26-80. Compare' 


also IS, vi. 2. 7. 1-2. 
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, to be : determined. ■ Was a pair of compasses also in use 
.then? 

Though lavish description of the rites and ceremonies 
in coiQnes:ioii with the construction of the various other 
altars, such as the Dariapaimumidsa-vediy LHtaTa^v 
Asvamedha-vedi, Agnldhrlya^ Hotnyci, Mdrjdliya^ ScidaB, 
UparavaSi eijQ., are commonly found in the Taittinya and 
other Samhitd, any clear mention of their spatial 
magnitudes are very rare therein. In that respect, we 
obtain much better information from the Brdhmana. 

It has been stated before that the standard form of an 
optional Fire-altar is that of a certain bird. This bird is 
called Byena (“falcon’') in the Taittinya 8aMMtd^ 
and Supavna Garutman (“ well- winged eagle ”) in the 
Vdjasaneya Samliitd ^ and Batapaiha Brdhmana ^ which 
is sometimes abridged into Suparna in the latter.^ 
The first name is found more commonly in other Samhitd 
and Brauta-’Sutra whereas the other names are rarely met 
with elsewhere.^ A clear reference to this form is found 
in the Rgveda where Agni is frequently called a bird.^ 
The spatial magnitudes of the falcon-shaped Fire-altar 
have been defined in almost all the earlier works from the 
Taittinya Samhitd onwards, and they are exactly the same 
as those that are found in the Sulba, Though it is stated 
by the authorities that it should be measured preferably 
with a baraboo-rocl the details of the method of 

1 V. 4. 11. 1. 

2 VS, sii. 4. 

3 SBr, s, 2. 2. 4, 

4 SBr, vi. 7. 2. 6. 8. 

5 The name SupaTm-citi.ot the Satapatha Bra]i.mana (vi. 7. 2, 8) 
reaj>pears in the Mdnam Aulba (vii), bat its form differs from the 
ancient one by the addition of a head. 

s i. 164. 52 ; s. 14. 5 ; compare also U 58. 5 ; 141. 7 ; ii, 2.4 ; vi. 
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measurement are scanty in earlier ones. The Tmitvwja 
Samhitd says : 

With man’s measure he metes out; man is commen- 
surate with the sacrifice; verily he metes him with a 
member of the sacrifice; so great is he as a man with 
arms extended; so much strength is there in man; verily 
with strength he metes him. Winged is he, for wingless 
he could not fly; these wings are longer by an ell [aratni); 
therefore birds have strength by their wings. The wings 
and the tail are a fathom (vydma) in breadth; so much is 
the strength in man, he is commensurate in strength. 
He metes with a bamboo;../’ ^ 

The MaitTdyamya Samhitd says : 

“ ‘ As much as a man with arms extended, with so 
much a bamboo-rod, (the Fire-altar) is meted out; so much 
strength is there in the man; verily with strength it is 
meted out metes out the Fire-altar; seven (square) 

purusas he metes out; lor by seven purusas he knows the 
universe and by seven purusas of the self he eats food, 
A measure of arcitni is added to the two wings; the birds 
have strength by their wings.” ^ 

More parfciculars are supplied by the Satapatha 
Brdhmana: 

Yerily He comprises seven purusas. Seven purusas 
certainly are in this Person (Agni); since four (purusas) 
(as) the body and three the wings and tail ; for the body 
of that Person is certainly (composed of) four (purusas) 
and the wings and tail of three. He metes it out 
with (the measure of) a man (purma) with arms ex- 
tended. Verily the sacrifice is a purusa and hence 
by it, all these are measured ; and that is its best 

1 TS, V. 2. 5. It. {translation Iiy Keith). 

2 Mai8, iil2,4:, ... 
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measure,, imsmiicli..: as with .arms . exte„nded 'vhe (m.au). 
has his maximum measure:' he- then , secures , for; him 
■ that ,, and -by , 'that ' he measures it...'. Then, .he , adds 
two aratnis to the, two wings; by that he gives streng.th, 
to the wings. Verily, the two wings are two arms (of 
the bird)., .and by arms food is eaten : si,mply for the sake 
of food 'he makes that space; inasmuch as, the food.,', k 
taken from the distance of an aratni the two aratnis he 
adds to the two wings. Then to the tail he adds a 
vitasti. He thus gives strength to the support; verily, 
the tail is the support. The hand {consists of) vitastis, 
and by means of the hand the food is eaten; simply for 
the sake of food he makes that space. Inasmuch as he 
adds one vitasti to the tail, he settles for it the food; 
because he adds less here (in the tail), he thereby secures 
it in the food. Thus, this much is it (the body) measured, 
and this much is it (wings and tail); certainly it (the 
bird or altar) is measured this much in order to secure 
for it that (its natural measure),'*^ 

Full details of the methods of measurement of the 
falcon-shaped Fire-altar are not found until the Srauta- 
sutm. The method of the measurement by means of a 
bamboo-rod has been described in the Apastamba Sidba/-^ 
and that by means of a cord is hinted in the Baudhdyana 
Srauta^ described in full in the Kdtydyana Brauia, The 
latter says: 

Measure a cord two purusas long. Make ties at its 
both ends. Make marks at the middle; on either sides 
of it, at the halves of the purusas; at distance of the 
one-fifth of a purusa from the middle (mark) ; and also 

^ s. 2. 2. 5-8. C/. vi. 1. 1. 6. ; x. 2. 3. 4. 

^ ApSlf yiii. 7-is. 3. Compare also xvi, 17.S. 

^ BSr.x.ld; xk. 1. 
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at their halves (that is, at one-tenth purusa from the 
middle mark) . Stretch the cord along the frsthyd (the 
east-west line) and fix poles at the two ties, the middle 
mark and the marks at semi-purusas. Unfasten the two 
ties, fasten them to the semi-pnrusa-poles and then 
stretch the cord towards the south by holding it by the 
middle mark. Make a point at the place reached by 
that. Unfasten the two ties; fasten one at the middle 
pole, then stretch the cord towards the south over the 
point and fix a pole at the place reached by the middle 
mark. Then fasten one tie at this pole and another at 
fhe eastern pole; stretch the cord towards the south and 
fix a pole at the place of the middle mark; then another 
also at the semi-purusa-mark. Unfasten the tie from 
the eastern pole and then fasten it to the western pole; 
stretch the cord southwards and fix a pole at the place 
reached by the middle mark and also two about it at the 
semi-purusa marks. Proceed in the same way on the 
northern side. Again on the southern side, stretching the 
cord in the way indicated before, fix a pole at the distance 
of the fifth-purusa-mark. Having fastened a tie at that, 
and also at the eastern semi-purusa pole, stretch the cord 
properly, and fix a pole at a distance of the semi-purusa- 
mark (from the one) and the fifth-purusa-mark (from the 
other). Similarly on the west. Similarly (construct) 
the northern wing. Thus also the tail with its vitasti. 
If desired, the two sides of each wing and of the 
tail may be contracted by four anguiis each on one 
extremity and extended by the same amount on the 
other. 

The Batapatha Brdhmam, however, teaches us how to 
bend the wings of the falcon in order to construct that 
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variety , of the Fire-altar,- known asA, the ; FaKrapo.fesfi 
.Byena-citi. ■ 

‘ ‘ He contracts the inner extremity (of the southern 
wing) inside on both sides only by four angulis; by four 
ahgnlis outwards on both sides he expands the outer 
extremity. ■ ■ Thus by .as much he contracts, by so much 
he expands; certainly, for that, he neither exceeds (the 
proper size of the wing), nor makes it too small. Simi- 
larly, he does for the tail; and in the same way, for the 
northern wing. Then he makes the bent of the two 
wings. For bents there are in the wings of a bird; 
the bents of the wings of a bird are by its one-third each; 
by one* third of the wings inwards each the bents of the 
wings of the bird are. He expands (each of the wings) 
on the front just by four angulis; he contracts at the 
back by four angulis. Thus by as much he expands by 
so much he contracts; and so he neither exceeds, nor 
makes it too smallF’^ 

A complete list of the various Kdmya Agni together 
with a statement of the objects for the attainment of 
which, each of them is to be constructed and sacrifices 
made therein, is found in the Taittirlya Bamhitd. ^ That 
has been practically reproduced in the Baudhdycma 
Brauta-sTdm.^ The enumeration of most of them 
appears in the Maitrdyanlya Bamhitd and Batayatlia 
BrdJimana.^ It may be noted, though it is immaterial 
for our purpose, that the construction of Fire- altars other 
than the Suparnci'citi (“ the eagle-shaped altar '') is for- 
bidden in the latter work. 

1 SBr, X. 2. 1. 4-5 ; compare also iSBr, x. 2, 1. 7 ; iii. 

2 ra, V. 4. 11. 

3 xvii. 28-30. 

MaiB, vii. 4. 7. Of. iii. 2. 5. 

s vL 7. 2., 8. ■ 
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Thus we find thafe almost all the Fedi and Agni 
which are described in the JSulba can be traced back, 
for the matter of their shapes and sizes, as far as the 
time of the Bmhmam (c. 2000 B.C.); and they are 
mentioned even in the SaikMtd {c. 3000 B.C.). The 
Siilha has, in fact, expressly admitted in the majority 
of cases, as has been pointed ont before, that it has 
taken the spatial magnitudes of the altars from the 
earlier literatures* We can, similarly, trace the earlier 
origin of many other matters traced in the Sulbci, As 
regards the height of an Agni and the number of bricks 
to be used in its construction, Taittimja Samhitd 
observes : 

He should pile (the fire) of a thousand (bricks) when 
first piling (it); this world is commensurate with a 
thousand; verily, he conquers this world. He should 
pile (it) of two thousand when piling a second time ; the 
atmosphere is commensurate with two thousand; verily, 
he conquers the atmosphere. He should pile (it) of 
three thousand when piling for the third time; yonder 
world is commensurate with three thousand; verily, he 
conquers yonder world. Knee-deep should he pile (it), 
when piling for the first time; verily, with the Gayatri 
he mounts this world; navel-deep should he pile (it) 
when piling for the second time; verily with the Tristubh 
he mounts the atmosphere; nectdeep should he pile (it) 
when piling for the third time; verily, with the Jagatl 
he mounts yonder world. 

Each Agni is usually constructed in five layers, 
when constructed for the first time. If should have 
double or treble number of layers when consfrucfed for 
the second or third time. The Taittmya Samhita says: — 

1 TS^ V. 6. 8. 2 1 (KeltMs. translafcioD). 
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; .. r' TRe first layer'is this- (earth),, the m,ortar, the. plants 
..and trees.;,:, the second, is .the, atmosphere, the :mortar .the 
■birds; the, third is yonder (sky), the mortar.tiie.Naksatras;: 
the fourth the' sacrifice, .the mortar the sacrifi,eial .fee; 
.the fifth, the sacrificer,. the' mortar the offspring'; if he ...were 
to' pile it with three layers,: he would obstruct the sacri- 
fice, the fee, the self, the offspring; therefore should it be 
piled with five layers; ■ verily, ,he preserves . all. : In , .that 
there are three layers, (it is) since Agni is of 'threefold ; 
in that there are two (more), the sacrifieer has two feet, 
(it is) for support; there are five layers, man is five-fold; 
verily, he preserves himself. There are five layers, he 
covers (them) with five (sets of) mortar, these make 
Up ten, man has ten elements; he preserves man in his 
full extent. 

But when Nakasad and Paficasodd bricks are employ- 
ed, after the fourth layer, there will be a sixth layer as the 
height of these bricks are half the usual height of a brick, 
viz.f the one-fifth of a jcimi (=:32 angulis). This sixth 
layer is mentioned also in the Taittinya Samhitd.- 

The growth and development of (1) the theorem of 
the square of the diagonal, (2) the quadrature of a circle, 
and (3) the construction of similar figures, has been 
treated elsewhere in their proper places. We have clear 
proofs, it has been shown there, of the use of these in 
the time of the Satapatha Brdhmam (c. 2000 B.C.). 
The first two seem to be still older. But we do not find 
an enunciation of the theorem of the square of the 
diagonal and a method for the quadrature of the circle 
before the time of the Brauta-sdtra, A method for the 
construction of similar figures is taught in the Baiapatha 
Brdhmmut, and it is the same as we find in later works, 

^ Jbidj V. 6. 10. 2 L (Keith), Compare BBl, ii. IB, 

2 Ibid, Y. 6. 10. B. Compare B$k ii 28, 
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Postulates 

For the geometrical operations described in the BtiRa, 
the authors, we find, have tacitly assumed the truth of 
certain other results without any attempt to describe 
them beforehand or to indicate how they could be 
effected. These results we have called here postulates of 
the ^"^ulha. They might not be postulates in the Eucli- 
dean sense of the term; but they can certainly be so 
called in accordance with the meaning given by Aristotle, 
namely ^^wbatever is assumed, though it is a matter for 
proof, and used without being proved.*’ Most of the 
postulates of the Siilba are concerning the division of 
figures, such as straight lines, rectangles, circles and 
triangles. A few of them are about other matters of 
importance. 

(a) A given finite straight line can he divided into any 
mimber of equal parts. 

In the geometry of the Sulba, it is oftentimes required 
to divide a given finite straight line into a specified 
number of equal parts. For example in one instance, the 
diameter of a given circle is divided into 8 equal parts, 
each of these again into 29 parts and so on into 
other number of divisions.^ There are indeed numex’ous 
such instances.^ Now it will be naturally asked 
how it was used to be done. Certainly not arith- 
metically. At least it is not always possible to 
do so. For we find instances of division of straight lines 
which cannot be expressed in terms of commensurate 
numbers. In circling a square,, such a straight line has 
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to be divided into three parts ^ and in another ease into 
twelve parts. 2 ■ Sometimes the' given straight line is : soch 
that the parts when expressed arithmeticaliy will contain 
big fractions. ' Thus the side of a square of 96 ungulis' has 
to be divided into 7 equal parts. ^ 

(h) A circle can be divided into any ntimhet of ^yarts 
by drawing diameters. 

In the Sulba, we have several instances of the divi- 
sion of a circle into a specified number of parts. For 
instance, it is said that the Dhisniya may be square or 
circular in shape and one of them, viis,, the Agmdhrlya, 
has to be divided into nine parts. Now in the case of 
the squ are shape of the altar, it is easily divided into 9 
smaller squares by drawing cross-lines through the points 
of trisection of the sides. When it is circular, there is 
described a small circle about its centre and the annulus 


is then divided into 8 equal parts by drawing four 
diameters.^ Similarly in an alternative circular shape of 


2 bSu iii. 162 ; compare also Apl^h':^ix, 7 in whicb the diagonal of a 
iquare of sides =i of a pnrasa is diyided into seven equal parts. 

3 BSh iu 64. 
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the MdrjdllyaSrByt^^ has to be divided into 6 equal 
parts. ^ A circular annulus has been divided into 82 
equal parts another annulus into 64 equal parts and 
then again into two parts each by^ drawing the mean 
circle.^ , 

(c) Ecich diagonal of a reotangle bisects it, 

(d) The diagonals of a reGtangle bisect one another and 
they divide the rectangle into four 'parts two and two 
vertically opposite of which are egual in all respects. 

The description of the division of a rectangle ora 
gfiuare bv rliae^nnak is found in the Bulba primariiv 
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connexion with .the^ making of bricks of' desired,, ..size and 
shape. 'Certain interesting geometricai theorems, have .been 
assumed there. The brick which rese.mbles, in shape the 
p ortion of a rectangle or of a square divided by its diagonal 
is termed ardhyd (or “ the half '0 and that resembling a. 
portion by the two diagonals is called jjddyd (or ‘'the 
quarter ’’).. There- are 'distinguished two .kinds of, padycl 
of a rectangle, dirgha-pcidy cl {or “ longish or broader 

quarter ”) and sula-padyd (or “ trident quarter This 

distinctive nomenclature implies : (1) the halves of a 

rectangle or of a square by a diagonal are identical in 
size as well as in shape, and (2) so are also the quarters 
of a square by its diagonals; and (3) the diagonals of a 
rectangle divide it into four parte which are equal in area 
but they are of two kinds as regards their shape. These 
names perhaps further imply an idea of obtuse and aciite 
angles. There are bricks which are halves of the quarter 
bricks by the perpendicular from the vertex on the base. 
No distinction is found to have been made between the 
half of a dlrgha-padyd and that of a sula-pddyd, which 
clearly shows that the ^ulba-karas were aware that those 
halves were identical. Thus it appears that the early 
Hindu geometers knew the simple cases of the congru- 
ence theorems. 

Another interesting kind of bricks is formed by the 
combination of a half of a dlrgha-padyd or a sula-pddyd 
with another brick. Baudhtiyana describes : 

“ The eighth parts of them^ should be so combined as 
there will be (a brick having) three corners. 

I BSU iii. 1B8-9, 178. 

The reference is to a square brick, called paficam% for each side of 
it is equal to the fifth {jMncama) part , of a purusa and to a rectangular 
brick one*fifth of a purusa by oae-fifth of a purusa and its half. 
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A brick of this kind is technically called ubhayi^ (from 
ud/xap, /‘both’O because it is formed by the combination of 



two bricks of two different kinds. Since there is mentioned 
only one uhhayl though there are distinguished two different 
kinds of quarter bricks of a rectangle {the adhyaM^^ it 
follows that Baudhayana was fully aware, what has been 
just mentioned, that all the eighth parts of a rectangle 
are identical. What is much more noteworthy is that in 
the formation of the uhhayl we find the source of the 
discovery of the later Hindu principle of forming a rational 
scalene tringie by the juxtaposition of two rational right- 
angled triangles. ^ 

(e) The diagonals of a rhombus bisect each other at 
right angles. 



1 Ibid, iii. 129. 

2 Bibhufcibhusan Datta, : On : Maha Solution of Bational 
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{/) A tfiarKjle/ can be divided into a number of equal 
and. similar parts by dividing the sides into an equal 
number of parts and then joining the points of division 
tivoandtwo, 

' ' Baudhayana on a certain occasion says, ‘‘ this (triangle) 
is divided into ten parts/' V But how to do it lie does not 
explain expressly. ■■■*■ We, however, learn it from the com- 
mentators that the traditional practice in such a case was 



to divide each side into four equal parts and then to join 
the points of division two and two as indicated in the 
Fig. 9. 

(g) An isosceles trumgle is divided into two equal 
halves by the line joining the vertex with the middle point 
of the opposite side,^ Each of these has again been 
divided into six parts. ^ 

Triangles and Qaadrilaterais,*’ BulL CaL Math. Soc.., Voi. xx, pp. *267- 
294 ; see particularly pp. 276-7. 

J iil. 256. 

3 Ibid, iii. 260. 
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if. 



We shall see later on that figures of more complex 
shapes had to be divided into a specified number of parts, 
namely 200, of given forms. And this led to some in- 
teresting problems of indeterminate character. 


(h) A triangle formed by joining the extremities of any 
side of a squa^re to the middle point of the opposite side is 
equal to half the square. 



Fig^. 11 


(i) A quadrilateral formed by the lines joining the 
middle points of the sides of a square is a square whose 
area is half that of the original one, , 
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(j) A quadrilateral fonned by the lines joining the 
middle points of the sides of a rectangle is a rhomhiis 
iDhose area is half that of the rectangle. 



{h) A parallelogram and a rectangle which are on the 
same base and within the same parallels are equal to one 
another, : 
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The assumption of the truth of this theorem forms the 



basis of the Sidba method of the construction of a 
parallelogram having given sides inclined at a given 
angle, which will be described later on. It was also 
known in the time of the Sakipatha BrdhmamJ 

(V) The maximtim square that can be descrihed within 
a circle is the one leMch has its corners on the clrcum^ 
ference of the cifole. 

In the Sulba it is sometimes necessary to draw 
within a circle “a square as large as possible 
safribhavei); ** but it is not indicated how to do it. From 
the subsequent descriptions it, however, appears clearly, 
that the corners of that square are assumed to be on the 
periphery of the circle. The commentators explain that 
a side of this square will be equal to a/ 2 times the radius 
of the circle. In fact, two diameters of the circle are 


^ X. 2. 1. 0. , 

2 Bm, i. 70; IpBl, yii, lO; 12. Compare Pan4if, 0. S., X, p. 166, 
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It will be noticed that every one of the above propo- 
sitions is demonstrable. Branding of them as postulates 
raises the important question of the character of the 
early Hindu geometry as regards the matter of demon- 
stration. Of course the propositions of the t^ulba are not 
proved after the manner of Euclid by purely deductive 
reasoning. On the other hand it is not wholly empirical 
without any semblance of demonstration. In fact we find 
a kind of proof in case of the propositions of the subtrac- 
tion of one square from or its addition with another square 
and the mensuration of an isosceles trapezium, After 
the enunciation as a general proposition of the theorem 
of the square of the diagonal, Baudhayana observes that 
the truth of it will be “realised^’ in case of certain rational 
rectangles enumerated. This is really an attempt for 
a kind of demonstration. What is much more noteworthy 
in this connexion is the fact that after a description of 
the geometrical construction for a proposition the Sulba- 
karas are often found to have remarked sa mmddhih or 
“ This is the construction. The significance of such an 
observation is obvious. It emphasizes that the construc- 
tion which was required to be made, has been thus 
actually made, and indeed corresponds to the expression 
Quod Erat Faciendum (or What it was required to do**) 
occurring at the end of a proposition of Euclid *s Elements. 
Further it discloses a rational and demonstrative attitude 
of the mind of the early Hindu geometer. With reference 
to a similar remark occurring in the works of the cole* 
brau^ ^ Hindu mathematician of the twelfth century of 
the Christian era, Bhaskara II, Hankei observed: The 

small word ‘ see * along with the figure together with the 
necessary auxiliary lines supplies the Brahmanas with the 


^ ApSlf i, 2 ; KiSl^ ii. 6 ; iii« 13 ; etc,. 
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‘proof of the Greeks’ concluding with solemn words ‘ what 
was to be proved/ All that a practised mind could recog- 
nise by means of assiduous consideration of a figure was 
admitted as certain.” ^ 





1 
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GHAPTEB V 


CONSTBUCTIONS 

To draw a straight line at right angles to # given 
straight line, 

(a) Suppose that the given straight line runs east« 
to-west. On it fix two poles at an arbitrary distance 
apart, says Katyayana. Then 

Increase a cord of length equal to the distance be- 
tween them (poles) by itself and make two ties at the 
ends. Then having fastened the two ties at the two 
poles, stretch the cord by its middle point towards the 
south and fix a pole at the place reached by the point. 
Proceed similarly on the north. Ifc (the line joining these 
two poles) is the north-to-south line/'^ 



But the more common and at the same time the 
oldest Hindu method of drawing a straight line at right 
angles to another is as follows : 

(h) Take two points on the given straight line. Des- 
cribe two circles with their centres at these two points 
and their radii equal to the distance between them. The 



line joining the points of intersection of the two circles 
is perpendicular to the given line. 

To draw a straight line at right angles to a given 
straight line from a given foini on it. 

It should be observed that there is no particular rule 
for this construction in any tSulba-sidra except perhaps 
the Kdtyagana Baiba Parisi^ta, But iii appears from 
the descriptions of other constructions that more than 
one device were used to be adopted for that purpose. 
The earliest of these methods is as follows : 

(a) Take two points (B, C) on the given straight line 
(BO) at equal distance from the given point (A), With 
centre B and radius BG describe a circle. Similarly with 
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centre C and radius CB describe another circle. Let D 
and E be the points of intersection of these two circles. 
Join AD or AE or DE. Then this straight line will be at 
right angles to the given straight line BC ut A, 

(b) On the given straight line (BC), fix two poles 
(BiC) equally distant from the pole at the given point A, 

D . 
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Take a cord twice as long as BC. Make a tie at each of 
its ends and a mark at the middle. Fasten the two ties 
at the poles B. G and stretch the cord towards the side 
having taken it by the middle mark. Fix a pole D at the 
point reached by the mark. Joi^ DA^ It is the required 
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straiglit line, whicli .is at; right ’.angles to, BG 'at the 'given 
point, .4. 

(c) Fix a pole (ii) at a certain distance from the polo 
at the given point (/I) on the given straight line (AB). 



Take a cord of suitable length. Make a tie at both ends 
and a mark at a proper point in it. Having fastened the 
ties at the poles (A,B), stretch the cord sidewise by the 
mai’k and fix a pole (0) at the point reached by it. Then 
AC is the required straight line. 

To construct a square liainng a given side. 

Method 1 : 

In a bamboo-rod, make two holes (AyB) as much 
apart as the height of the sacrificer with uplifted 
arms! and a third hole (0) mid-way between them. Place 
the bamboo-rod on the east-to-west line and fix poles in 
the holes (beginning) from the western extremity of the 
sacrificial place. Then freeing the two poles (0,B) on 
the west, describe a circle (by rotating the bamboo) south- 
east- wise by the hole at the (opposite) end. Then unloose- 
ning the eastern hole and fixing the hole in the west (in 

i The square to be constructed is to have, in the present cage, a 
side of that length. 
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its original position) , describe another circle soutli-west- 
wise by the hole at the opposite end. Now release the 
bamboo (completely); fix again an extreme hole atthe mid- 
dle pole (C) ; place it towards the south over the point of 
Intersection of the two circles and fix a pole at the point 
(F) reached by the outermost hole. Then fix at this pole 
the middle hole of the bamboo and having laid it along 
the extreme outer edges of the two circles,^ fix two poles 
(B,D) at the two (outermost) holes. It (the figure thus 
deQGTibed, ABDE) is a square (having a side) of one 
pimiga/* ^ (Fig. 21.) 



Method II: 

“ If you wish to construct a square, take a cord as 
long as its side is desired to be ; make a tie at both ends 
and a mark at the middle. Then having drawn a 
line (east-to-west) of the desired length, fix a pole at its 
middle. Fasten the two ties at this pole and describe a 
circle with the mark. Now fix poles at the both ends of 
the diameter (running east-to-west). Having fastened one 
tie at the eastern pole, describe a circle with the other 

^ That 18, the bamboo should be laid tangentially to both the 
circles and the poles are to mark the points of contact. 

2 viii (s-lO)-xi (1). 
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tie. Describe a similar circle about the western pole. 
On joiiimg the points of intersection of the circles, the 
second (Le., north-to- south) diameter will be found. Fix 
two poles at the extremeties of this diameter. Now, 
having fastened both ties at the eastern pole, describe a 
circle with the mark. Similarly describe circles about 
the southern, western and northern poles. The exterior 
points of intersection of these circles will determine the 
square/’^ (hig. 22.) 



Method III: 

Take a cord as long as the measure (to be given to 
the side of the square) ; make a tie at both ends and a 
mark at the middle of itself and of its two halves. Stretch 
out this cord along the east- west line and fix poles at the 
ties and marks. Then having fastened the ties at the two 
poles of outer marks, stretch the cord towards the south 
having taken it by the middle mark and make a point 
there. Now fasten both the ties at the middle pole and 
stretch the cord towards the south by the middle mark 
over this point and fix a pole at the place reached. 
Fasten one tie at this pole, another tie at the easternmost 
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pole, aad stretcli ' out the -cord haviiig takes it Uy the 
middle ■ mark ; thus will be obtained- the 'south-eastern- 
corner o! the' square (required). Then - freeing the tie 
from the easternmost pole, fasten it to the westernmost 
pole a-nd again stretch the cord by the middle mark ; thus 
the south-western corner will be determined. Similarly 
can be determind the north-eastern -and north-western 
corners of the square/’^ (Fig. 23,) 



Method IV : 

' ' Take a cord two times the measure of the given 
side of the square; make a tie at both ends and a mark 
at the middle. With one half of this cord measure the 
east-to-west (breadth) of the square. In the other half, 
make a mark at a distance (from the western end) less 
by its one-fourth. Let this mark be called nyanohana. 
Make another mark at the middle of that half for the 
purpose of (determining) the eastern corners. Having 
fastened the two ties at the two extremities of the east- 
to-west breadth, stretch the cord towards the south by 
mark.: ■ '-.Thus- the, ^'two- -eastern ...and.-., two.: 
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western corners of the square should be cotistructed 'by 
the Giiddle mark of the other half of the cord.’*^ (Fig, 24,) 



Fig*. 24 


EW a, the given side ; d JB = E B = D W — WC — • a /2 ; 

= EBf = D'lF = WCf == 3a/4 ; ED' = EC^ = = IF B ' = 

'5a/ 4. 

Method V : 

“Add to a cord as long as the given side its half 
and make a mark at a distance (from the other end 
of the added portion) less by its sixth part. Fasten 
the ends of the (increased) cord at the extremities of 
the east- west line and stretch it towards the south having 
taken by the mark and put a sign at the point reached 
by it. Do similarly on the north and again on both sides 
after interchanging the ends of the cord. This is the 
construction/’ ^ (Fig. 25.) 
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EW^a, the given side; AE=-EB^DW:=^WC:^aj2 ; 
A'E = £7B'==DW==]¥0'='5a/r2 ; £JD' = EO'= W4^==TF£ == 
lSall2. 

The Method I is described in. full by Apastamba. ^ It 
is noted and partly described by Baudhayana.^ This 
seems to be the oldest Hindu method for the construction 
of a square on a given straight line* For, the practice 
of the measurement of the Fire-altar with the bamboo- 
rod is mentioned as early as the Taittinya Samhiid (c. 
3000 and indeed reappears in almost all the early 

^ Loc. oit. 

2 BSl, iii. 13ff. 

S W, v.2.5. Iff. 

In the early Samhitd and Brahmana is found a myfchological 
relation between the Agni and the Venn (“ bamboo*rod *’). Thus 
Taittinya observes, “He metes with a bamboo; the bamboo 

is connected with Agai; (verily it serves) to unite him with his 
birth place” (v.2.5.2). The connection has been narrated in that work 
thus : “Agni went away from the gods rhe entered the reed ; he resorted 
to the hole which is formed by the perforation of the reed,” This 
mythology reappears in the Mmtrayaxit Samhitd (iii. 2, 4) and Sata- 
patlm Bmhmana. The latter desei'ibes, “Agni went away from the gods; 
he entered into a reed, whence it is hollow, and whence inside it is, 


^^amJutds and Bmhmm),asA It is found to have been 
gradually replaced by the measurement with a cord 
which was introduced about the time of the 
Brdhmana {o, 2000 

The Method 11 occurs only in the B a udhay ana ^^alba. 
It is clearly based on the previous method and is indeed 
a combination qf four operations by it.^ 



The Method III is taught by Apastamba ^ and Manu.^ 
The latter emphasizes that it should be exclusively used 
in all cases of the construction of a square on a given 

as it were, smoke-tinged” (vi.3.X.26); again ‘‘Agni went away from 
the gods. He entered into a bamboo-stem ; whence that is hoUow* 
On both sides he made himself those fences, the knots, so as not to 
be found out; and wherever he burnt through, those spots came to 
be’’ {vi.3.1,31). 

1 MaiS^ iii.24 ; K0, x'x.3«4'; KnpS, -xxxiiJJ ; SBt, 

3 SBr, X. 2J.8 f. 

* Compare Biirk, ZDMG, Iv, p. *547. 

^ Loc. dim 

s Md^t i. 14-21 ; compare also yii. 7 1. 




62 CONSTBUOTION OS' RECTANGLE 

straight This mathod is, , also applied 'by, Katya- 

yana.^ It may be noted that the cord used in the course 
of the construction is called in the Manava ^ulbci by 
■the , technical name paticdhgi lave-joinied''), because 
it has five (panca) joints {ahga), viz,, two ties and three 
marks. The rope has been sometimes' , called pdMni 
(“that which is laid out*’) because measurements are 
made by laying (pdia) it out on the ground. 

The Method IV is given by Baudhayana,^ Ipas- 
tamba,/^ Katyayana,^ Manu^ and Maitrayana; and the 
Method V by Apastamba'^ and Katyayana.® It is also 
taught by Baudhayana,^ He would, however, restrict 
its application to the construction of a rectangle. 

To construot a rectangle of given sides, 

“ If you wish to construot a rectangle, fix on the 
ground two poles as much apart as you wish (the length 
to be). On either sides (before and behind) of each of 
these poles, fix two other poles at equal distances from it. 
Take a cord as much as the breadth (of the rectangle) ; 
make a tie at both ends and a mark at the middle. Having 
fastened the two ties at the two poles about the eastern 
pole, stretch the cord towards the south by the mark and 
put a sign (where the mark touches the ground). Then 
fasten the two ties at the middle pole and again draw the 

'■'^ Ibid, ■■.■■•■, ■ ' . ■ ■ 

3 5vi. 8. 1-20. 

^ Loc. dt, 

^ Ap§l^ i. 3. 

» i. 12-3 ; compare also KSJP, 16 

y Loo, oil, ■■■■'. 

14-§. ■ 
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cord o^er the eign towards the ■ south by the; mark .aud.fix a, 
pole at the mark. That is the south-east corner (of the 
rectangle). , Thereby, is explained (how to; determine) the 
north-east comer and also the two western corners/' ^ 



Figr- 27 


This method is alike in principle to that em- 
ployed by Apastamba and Manu for the construction of a 
square on a given straight line (Method 111). Still Baudha- 
yana would restrict its application to the construction of 
a rectangle having given sides and of* an isosceles trapezium 
having given face, base and altitude. 

To oonsiriict an isosceles tra.])czium of a given altitude, 
face, and base. 

To construct a trapezium whose altitude, face and base 
are given, Baudhayana ^ follows a method similar to the 
one adopted by him for the construction of a rectangle of 
given sides. Only cords of given difierent measures are 
employed for fixing the extremities of the face and base, 

1 BmjMAO. 
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MAHATBI)! :' -METHOD 1 , 

The methods suggested ■ by Apastamba' for the same 
purpose will be understood from those adopted by, him for 
the construction of the MahavedL The shape of the 
Mahavedi is prescribed by tradition to be an isosceles 
trapeziium whose altitude is 36 pada (or prakramu), face 
24 (units) and base 30 (units). Apastamba gives four 
methods for its construction. All of them are in principle 
the same. It is to draw a straight line through both the 
extremities of another straight line equal to the given 
altitude and at right angles to it. Along these straight 
lines and on other sides of the altitude are measured 
lengths equal to half the given lengths of the face and 
the base. And thus the isosceles trapezium is drawn. 
Apastamba distinguishes between his different methods as 
Ekarajjvdviliarana ( ‘ ‘ The method of construction with 
one cord ”) and Dvirajjvdviharana (“ The method of con- 
struction with two cords”). 

Method I : 

‘ ‘ Add to a cord of 36 {pada or prakrama) 18 and make 
a mark at 12 and a mark at 15 from its western end. 
Having fastened the ends of the cord to (the two poles at) 
the two extremities of the east-west line (of 86 pada) 
stretch it towards the south by taking by the mark at 15 


METHODS ■;II AND' III 


and fix a pole (at the point reached by the mark) ; (proceed) 
similarly ■ towards the north. These poles ' are the'-: 
two western comers of the vedi. For (determiniiig) the 
two eastern comers, interchange (the ends , of the cord) 
and then stretching it towards the south by the mark at 
15 , fix a pole at (the point reached by) the mark at 
12; (proceed) similarly towards the north. These are the 
two eastern comers. This is the method of construction 
with one cord.*' ^ (Fig. 28.) 

MefMd 11 : 

“ The diagonal of a rectangle whose sides are 3 and 4 
{padd OT pfahvamia) is 5. With these increased by three 
times themselves (are determined) the two eastern corners 
of the With them increased by four times them- 

selves (are fixed) the two western corners.’' ^ (Fig. 29.) 



Fisr.ag 


3 » + 42 = 53 

3 + 3.3=12 

4 + 3.4=16 
5+3.6=20 

3+4.3=16 

4+4,4=20 

5+4.5=28 


12 ® + 162 = 20 * 


152+202 = 252 


Method III : 

“ The diagonal of a rectangle whose sides are 5 and 12, 
is 13. With them the eastern corners of the vedi (are 
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METHOD rV 



(Jet ermiiied) ; and with thena increased by twice themselves 
the western corners (are fixed) (Fig. 30.) 



Fjsr. 30 


52+122=132 

5 + 2.5 = 15 
12+2.12=36 
13 + 2.13 = 39 

152 + 362=892 


Method IV : 

“ The diagonal of a rectangle whose sides are 8 and 15, 
is 17; with these cords, the two western corners of the 
vedi (are measured). The diagonal of a rectangle of sides 
12 and 35 is 37 ; with these cords, (are measured) the 
eastern corners.”® (Fig. 31.) 



,Fig». 31. ; ■ 

’ IpSl, t.4. 

® V.0- 



I 
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TO CONSTR.UOT ■ TABALLBLOGBAM 

, 'Apastamba^observes-: '■ These are the known methods 
of construction of the {Saumihi) vedi/* ^ 

To construct a parallelogram havtng> given sides at a 
■given inclination. 

Wot the proper construction of an altar of prescribed 
size and shape, it was sometimes necessary to make bricks 
of the shape of a paraJleiograna having given sides at a 
given inclination. For instance, Apastamba says : 

Make a class of bricks, one-fifth of a purusa long and 
one-ninth of a purusa broad, (the two sides being) inclined 
{naia) suitably so as to fit iyaihd-yagam).''^ 

The reference in the end of the rule is to the bent of 
the wing of the falcon*shaped altar where these bricks 
shall have to be used. Thibaut observes : '‘By ' nata, 
bent’ the sutrakara means to indicate the sides of the brick 
bo not form rectangles. The shape of the brick is rhom- 
doidical, the angles, which the sides form with each other 
are the same which the wings of iho syena form with the 
body.”3 

Apastamba does not expressly teach us how to con- 
struct a parallelogram of that shape. But it could be 
inferred from the method laid down for the construction 
of another parallelogram. He says, 

(Construct) bricks for the wing with four sides : two 
sides one-fourth purusa each and two sides of one-seventh 
purusa.”'^ 

By the expression pahsesiaka (“ brick for the wing ”) 
is implied that the inclination between the two contiguous 
sides of these bricks must be the same as the bending of 

^ Etavanti jneyaai vedi-vibaranani bhavanti ''—AplSl, 7.6, 

® Ap'^l, xvi.2, 

* Thibaut, SuhasMras, p, 81. 
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the wings, where they are to' be used. NoW' the bending 
of, a wing has been defined thus ^ Describe a rectangle 
ABCD of breadth (AD) equal to 1 purusa and length (AB) 


U 



2-^ purusa. Draw MN bisecting DC and at right angles 
to it. Draw DP one purusa long meeting MN at P. Cut 
ofi PN equal to DP, Draw NA, NB, PD, PC, This will 
give the bending of the wing. 

Apastamba teaches the following method for construc- 
tion of the shove fahsesiaha : 

Construct a rectangle (atcd) of length (aD) equal 
to one-fourth of a purusa and breadth (Dc) equal to 
one-seventh of the side (DM) of (half) the wing; by the 
slanting side (DP) the mouth of this rectangle should be 
changed so that the sides {Df and ae) might be bent to the 
one-seventh of the sian ting side of the wing (DP) A' ^ 

Thus we have the required parallelogram aefD whose 
sides aD, fe are equal to one-fourth of a purusa each and 
sides fD, ae are each equal to one-seventh of a purusa and 
they being inclined as specified. 

^ Cf, ibid, sviil. 6-8* 

^ xix.S* 
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' , It should be particularly noticed that in the' above the; 
inclination between the two sides of the parallelogram to 
be constructed or between any two lines in general is not- 
stated in terms of angular units (though the conception of 
such is not wanting in Hindu- astronomy) but in terms of 
the relation, between the sides and diagonals of a certain 
rectangle along which the two given lines would lie. 

Apastamba gives also a slightly difierent method of 
constructing a paraileiogram. He says: 

“ Draw a rectangle one-fifth of a purusa long from east 
to west, and one-tenth of a purusa broad ; to the south as 
well as to the north of it draw another (rectangle of the 
same size). Draw the diagonals of them passing through 
their south-western corners/'^ 



From this we can easily guess the method that was 
generally followed in the Sulba for the construction of 
a parallelogram having given sides at a given inclination. 
Let A , B represent the given sides and the inclination be 
the same as that between the diagonal PB and the side 
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PQ of the rectangle SEQP. Now draw the rectangle 
EDOP similar to the given rectangle such that its diagonal 
FD be equal to the given side B, Then draw the rect- 
angle DE^P^C so that its side CP^ be equal to the differ- 
ence between A and PC. Now draw the rectangle WD^G^P^ 
equal to the rectangle EDCP. Join Then 

is the required parallelogram. The Fig. 34 answers to the 
case when .4>PO. In case A<PO, the rectangle DWPfQ 


should be drawn so 


to overlap the rectangle EDGP. (Fig 




CHAPTEB VI' 

Combination of Areas 

To draw a square equivalent to n times a givefi square, . 

The solution of this proposition practically clepends 
upon the construction of squares and rectangles having 
given sides. By the so-called Pythagorean Theorem, the 
square described on the diagonal of the given square will 
have an area twice as much. To draw a square thrice as 
much as the given square, the rule is; 

(Construct a rectangle whose) breadth will be the 
measure (of a side of the given square) and length its 
double-producer {i,c., diagonal). The diagonal of that 
rectangle is the treble-producer.*’^ 

By repeating the operation and constructing each time 
a rectangle whose one side will be equal to a side of the 
given square and another side equal to the diagonal of the 
rectangle constructed at the preceding stage, we shall 
finally arrive at one, the square on whose diagonal will be 
equivalent to n times the given square. This method is 
taught by almost all the writers. 

Oftentimes the process can be much shortened by a 
skilful device. For instance, if n happen to be a square 
number, equal to say, then the desired result will be 
obtained by drawing the square on a straight line p times 
a side of the given square. Thus Katyayana observes : 

“ Twice the measure (of a side of a given square) 
is (its) fourfold-producer ; thrice the measure is the 
ninefold-producer ; four times the measure is the 
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MULTIPLE OF A SQUABB 


sixteenfold-produeer. As many units ot a measure as 
are in a cord, so many rows (or series), of .squares (of .that 
measure) there will be in a square on that cord as a side. 
.Combme them/^^ 

lin is not a square' number, simplification can be made 
by. expressing it, when possible, as the sum of two square, 
numbers. Thus if . 

where p, (| are rational quantities, then if denote a side 
of the required square and c a side of the given square, 
we shall have 

= (pc) 4* (qo) = (p^ -f q ^)c ^ . 

So that with one construction only, we shall get a square 
n times the given square. Katyayana has given some 
instances of this kind. He says : 

(If a rectangle be drawn with) one pada (a unit of 
linear measure) as the breadth and three padas as the 
length, its diagonal will be tenfold-producer. (If a rect- 
angle be drawn with) two padas as the breadth and six 
padas as the length, its diagonal will be fortyfold- 
producer.’’^ 

The first of these instances occurs also in the Manav a 
^nlba, ^ Similar instances are also found in other works. 

A simplification is also possible even if n is expressible 
as a multiple of a square number, though not as the sum 
of two square numbers, 

Katyayana gives another very elegant and simple 
method of finding a square equal to the sum of a number 
of other squares of the same size. He says : 

'' As many squares (of equal size) as you wish to com- 
bine into one, the transverse line will be (equal to) one 

^ iii* ^-9 ; compare aho ApSl, Hi, 6-7. 

2 KSkiL 8-9, 


KATYAYANA’s METHOD 


rro 
i i.} 

less than that ; twice a side wiilbe (equal to) one' more 
than that ; (thus) form a triangle. Its arrow alti- 
tude) will do that/'^ 


A 



That is, if n be the number of equal squares to be 
combined together into one, form, the triangle ABO whose 
base BO is of length (?^— 1) times a side of a square and 
twice the sides AB and .40 of which are severally equal 
to (n + 1) times a side of a square. The method of draw- 
ing the triangle, which will be consistent with the geo- 
metrical methods of the jSulha is this : Draw the line BC 
of length (w—1) times a side of a square. Fix two poles 
at B and C, Take a cord of length times a side of 

a square. Fasten its two ends at the two poles and 
sfretch the cord sidewise having taken it by the middle 
point. Let A be the point reached. Bisect BO at D and 
join AD. Then the square on AD will be equivalent to 

Compare alao the PariSl^tai: verses lO-l* , „ , 
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the sum of n given squares. For 
AD^z=AC^-DC^, 

^s±i)V-(-)V, 

, z=zna^, 

■ '} To 'dTati) .a square equivalent to the nth part of a 
given square. 

After describing the method of drawing a square 
equivalent to 3 times a given square, Baudhayana 
observes : ' 

Thereby is explained the generator of the third part 
{triiyakaram of the square). It is the ninth part of the 
area.’*'^ 

Similar remarks occur also in the works of Apastamba 
and Xatyayana. The former says, 

“ Thereby is explained the generator of the third 
part. Division into nine (parts)/’ ^ 
and the latter, 

“ Thereby is explained the generator of the third part. 
Division of the given measure into nine parts.” ^ 

The commentators disagree about the method actually 
implied in the above rules. According to some/*^ it is 
this : Bind a square equivalent to three times the given 
square. Then divide a side of this square into three equal 
parts. A square drawn on any of these parts will be 
equivalent to one-third of the given square. For, on 
drawing parallel lines through the points of division, the 
second square will be divided into nine (square) parts. 
Hence each part (square) is equal to one-ninth of it and so 

J i. 47. 

2 ii. 3. 

3 m-, ii. 15-6. 

^ For instance, Kapardisvtoi, Sm)darara.ia, and Btoa. 
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to, oae-tliird of the given square. , According to others, 
the method is this : Divide the given square into' nine, 
equal squares. Combine three' of these squares into one. 
.And it will be equivalent to the third part of' the .given 
area.' Some ^ are of opinion that both the methods are 
implied by the text. 

Both the' interpretations, are valid inasmuch as they 
produce the correct result. Thibaut prefers the first 
interpretation as it preserves in a better way the con- 
nexion of the above rule with those just preceding. 
But the Suibakaras appear to have implied both the 
methods. Katyayana’s rules following those noted 
above are : 

The third part of the side (of the given square) 
produces the ninth part of it. Three of these ninth 
parts (on combination) will give the generator of the 
third part (of the given square).*'^ 

Again this is the method adopted by Baudhayana in 
constructing the Paitrki-vedi which is square in shape 
and is equivalent to one-third the square on a side 
18 padas long.^' Further he has expressly adopted both 
the methods in measuring the Sautvcimarfilu-vedi.^ 

Proceeding in the same way we can find in general 
a square equivalent to the nth part of a given square. 
Either : First find a square equivalent to n times the 
given square. The square on the ath part of a side of 
this square will be equivalent to the nth part of the given 
square. Or Divide a side of the given square into n 
equal parts. On drawing parallel lines through the points 
of division, the given square will be divided into equal 

^ J57.g., Dvarakanafcba. yajva. 

2 Earavindasvaiol. 

3 KSU ij. 17-8. 

* Vide infra, p. 98f. 
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ADDITION OF SQUARES 


square parfcs. .Tte square combining of these elemen- 
tary squares will ■ be , equivalent to the nth part of the 
given, square. 

, ' , The; .whole process will, of course, be much simplified 
if. n , be a square number, equal to say. For in that 
case we shall have simply to divide a side of the given 
square into p equalparts. . The square having one of these 
parts as a side will be equal to nth part of the given 
square. Katyayana furnishes us with some instances of 
this kind: ■ 

‘ ‘ By means of half the measure (of the side of a 
given square) is obtained a square equivalent to the fourth 
part (of the given square); by one-third the measure is 
obtained (a square equivalent to) the ninth part; by 
one-fourth the measure is obtained (a square equivalent 
to) the sixteenth part/'^ 

Similar instances are also given by Apastamba.^ 

To draw a square equivalent to the sum of two different 
squares. 

Baudbayana gives the following method of solution 
of this proposition : 

p: a p b 





1 KSl, iii. 10-11. 

2 ApSl, iii, 10. 





PROOF OF THF METHOD 



I*.' To combine two, different squares, cut off from the 
larger a (rectangular) portion -with' a side' of the smaller 
one. The dia.goiial o,f this segment will be a side , of the 
,sum.”.^ . 

The same method is also taught by Ipastamba and 
Katyayana.® , 

. Let ABOD .he the larger, square. and P a side' of the 
smaller. ':Cut. off , rlF, and ■ DE . making each equal, to 
and complete the rectaugle -dFlUD. Join /IF. ; .Then ' 

, ,.4,F2=HD2 + DF^=/1jD 

The proof „ of this proposition .will be evident from the 
,Fig. 38 which, in. .fact, simply represents the complete^ 
constructions taught in the Sulb a. 


K 

1v 



□H /H 7J + n(B.-;HI=:/sADE + ^/IFF H- a^EOH h- .nvFH J 


-KiBUF, 




KSl, ll 22. ' ^ 


i JJSl, i. 52,: 
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Subtraction of squares 


To dnnv a square equivalent to the difference of two 
differeni squares. 

For the solution of this proposition, Baudliayana^ and 
Apastamba ^ give the following rule : 

■ To deduct a square from a square, cut ofi from the 
larger a (rectangular) segment with a side of the square 
which is to be deducted. Then draw a longer side of 
this segment diagonally across to the other longer side ; 
and where it falls (on the other side), cut off that portion. 
By this cut-off portion the deduction is finished."' 



Let ABCD be the larger square and P a side of the 
smaller square to be deducted from it. Cutoff AF and 
DE making each equal to P. Join FE, Draw FE hj the 
extremity F so that it falls on AD at G. Join QE, Then 

GD ^ - DE^ -AD^- P^. 

This method is also taught by Katyayana.^’ 




DEMONSTRATION 
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. The.prool of this proposition will appear on .completing 
the' constructions indicated in the Biilha. The, square 

a 



GEPQ, which is equal to the square ABCD, is comprised 
of four rightangied triangles each equal to GMQ and of 
the square HKLM, Therefore 

QEPQ = GDEB + DRLN + HELM, 

=:GDBM + DEKN, 

GDEM=ABCD - DEKN, 
or 

Apastamba has given a demonstration of the above 
rule together with an illustrative example : 

The side drawn cross becomes the diagonal (of a 
certain rectangle). Let it be the generator of the four- 
fold (of a certain square). It produces (a square equal 
to) both the squares which are produced separately by 
the cut-oi^ portion (of the opposite side) and the other 
side (i.e., the shorter side of the rectangular segment 
of the larger square or the side of the other square). 
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If tlie otlier 'side be one purusa, . the remainder will be 
tliree Equare piinisas ; it has been stated {before)/'' ^ 

.For the 'Construction of a Fire-altar of proper size and,, 
shape, it is also necessary, to know how to combine into 
a ' square figures of other kinds; e.g,, a square and a 
rectangle, two rectangles.^' No specifi,.e rules for this 
purpose are found in the ^ulhchstitra. Hence it follows 
that such combinations shall have to be made with the 
help of the methods taught. Thus figures of every other 
kind are first transformed into squares and they are then 
eombmed into a square by the methods just described. 
This method has indeed been taught by Katyayana for 
the combination of triangles and pentagons. 

To draiv a srpiare equivalent to two given triangles. 

After describing a method for the transformation of 
an isosceles triangle or a rhombus into a square, Katyayana 
observes: '‘By this is explained the combination of 
triangles/' That is, the triangles and rhombuses to be 
combined should first be transformed into squares sever- 
ally and the sum or difierence of these squares is then 
found by the methods already explained. The final result 
can, of course, be put in the shape of a square, rectangle 
or triangle as required. 

To draw a square equivalent to two given 'pentagouB, 

Katyayana has also indicated a method for the com- 
bination of pentalaterals {paftcakarjia) : 

By this is also explained a method for the combina- 
tion of pentalaterals too. Break up a pentalateral of 

2 Cf. xsi. 8, 



COMBINATION' OF. PENTAGONS 
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equal augles Into isosceles triangles; and break up a, penta- 
iateral of unequal angles into squares/*^ 





The latter part of this rule appears rather to be 
obscure. How to break up an irregular pentagon into 
squares? Mahidhara has failed to grasp the matter 
accurately and hence made a worse confusion.^ I think 

^ m, iv, 8. 

2 Mahidhara has once explained ekakarna^** one triangle,’* dvihat^a 
= “two triangles,** three triangles*’ and paneakarna^ 

five triangles.** Later on he says ekakarna means equal angles ’* 
and dvikarna ** unequal angles.’* His former interpretations are 
certainly wrong. If Katyayana had indeed meant “ five triangles ** 
by the term pancakarna, what did he mean by the rule, Paficakarna- 
nanca praiige apacchidyaikakar^anam dvikar^anaip samacaturasre 
apacchidya.** ['* Break up pa/nmkarna$ of ekakarna (variety) into 
isosceles triangles and break up pmcakarnas of dvikarm 'variety) into 
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KatyayaBa has in ?iew a pentagon of tlie. shape ABODE in 
which CP==PD:r=:4M and P 0= MP=: P I). = OP/ 2 (Fi^^ 42); 
or in 'which OP, PD, AM\ BC, MB, ED are all equal 
(Fig. 48). ■ We find description of bricks of these shapes 
in the Aulh a of Baudhayana ^ and they are ordinarily 
called Ihamsamuhhi , (“of the shape, of ' the ■ mouth of a 
goose Obviously a pentagon "of that kind can, „ be' 
easily transformed into two or three squares of equal size. 
..So that by combining .the transformed squares we can 
gnd a square equal to the sum or difference of ..two or 
mor© pentagons. 


BM, iii. 68, 288 1 compare also iii. 291-2. 
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Transformation of Areas ■ 

To transform a reotangle into a square. 

For this purpose Baudhayana gives the following rule : 

“ If you wish to transform a rectangle into a square, 
make its breadth as the side of a square ; divide the re- 
mainder into two parts and changing the place (of the 
farther one of them) and inverting, add it on the other 
side of the square. Then adding a (square) portion, fill 
up that (the empty space in the corner). It has been 
taught (before) how to deduct it (the added square from 
the full square thus formed).''^ 

Let it be required to change the rectangle ABDC into 
a square. 



Fig*. 44 

From the longer side AG cut oh* a portion OE equal to 
the breadth CD of the rectangle. Complete the square 
CDFE, Divide the remaining partidBFFof the given rect- 
angle into two halves by the line OH, Take the remoter 
half ABHG and place it after inversion on the other side 
of the square CDFE in the position DG^H'F, Complete 

1 BM, I 58 . 
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the square GGPG', by addi«g the portion HPH'F. 
The given rectangle is easily equal to the 

difierence of the two squares GPG'C and HPH'F. This 
difierence can be found by the method taught before. That 
is, draw a circle with centre <?' and radius G'P cutting 

KH atM. Draw MW perpendicular to G'P. Then 

so that G'N is the aide of the square which is equivalent 

to the given rectangle ABDO- 

The same method is taught also by Apastambai and 
Katyayana..2 The latter is a iMs more explicit than the 

other. He says; 

“ If you wish to transform a rectangle into a square, 

cut off (from the rectangle a square por- 
tion) with its shorter side. Divide the other portion 
into two parts. Take the farther portion on the east and 
add it on the south (of the square portion). Complete the 
(square) figure by introducing a (small square) piece. The 
method for its deduction has bs®ri taught. 

Katyayana suggests a different procedure for the trans- 
formation of a rectangle whose length much exceeds its 
breadth : 

“ If (the rectangle be) very long, cut it again and again 
(into squares) by the breadth ; combine these squares into 
one square ; add to this the remaining portion (of the rec- 
tangle) after transforming it suitably.” ^ 

■ -p, H B 
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. . This is certainly no ioap.rovement on the other method. 
It will, in fact, require more, operations to complete , .the., 
.desired ^transforniation. The first method is very general 
and is equally available for ail cases of transformation of 
a rectangle into a square. 

To transform a square into a rectangle, 

Baudhayana gives the following rule for transforming 
a square into a rectangle : 

“ If you wish to transform a square into a rectangle, 
divide it by the diagonal. Divide again one part into 
two, and add them suitably so as to fit the two sides (of 
the other half) 



The same method is also taught by Katyayana.^ This 
method is much circumscribed inasmuch as it transforms 
the given square into a rectangle in which the length is 
double the breadth and is itself equal to the diagonal of 
the given square. 

To transform a square into a rectangle which shall have 
a given side. 

To transform a square into a rectangle which shall 
have a given side, Apastamba gives the following rule : 

‘ ‘ If you wish to transform a square into a rectangle, 
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(cut off from it a rectaugular segment) by making a side 
as long as you wish (a side of the transformed rectangle 
to be). What remains in excess, should be added (to the 
former) as suitably as to 

A similar rule is given also by Baudliayana : 

“ Or else if the square is to be transformed into (a 
rectangle) of this (f. a., one specified) side, cut off (from 
the square) a segment by that side. What remains in 
excess should be added along the other side.''^ 

The latter portion of both the rules is obscure inas- 
much as the operations to be employed have not been ex- 
plained fully* They were doubtless handed down by oral 
tradition. 

Thibaut,^ followed by Biirk,*^ thinks the method im- 
plied to be this : Let the side of a given square be 7 
units long. It is to be transformed into a rectangle whose 
one side will be, say, 5 units long. Cut off from the 
given square a rectangle of 5 by 7 units. There will then 
remain in excess a rectangle of 7 by 2 units. From this 
cut off a rectangle of 5 by 2 units and add it properly to 
the other portion. Then remains a square of 2 by 2 units. 
Change this into a rectangle of i5 by 4/5 units and place it 
by the side of the previous rectangle so as to fit. Thus 
we have finally a rectangle of 5 by 49/5 (=7 +2 + 4/5) 
units. 

This explanation is doubtless wrong. For at the final 
stage it begs the original problem itself. If the f^ulba 
writers had really intended a simple arithmetical operation 

... ^ ApSlt iii. 1. ' 

2 53 ^ Thibaat’s reading of the beginning of this snfcra is in- 
correct. It should be . not 

The former reading is given by Caland in Ms edition of the Baudhdyana 
Srauta Sutra and also appears in my copies of the Baudhdyana Sulha, 

^ Sulha Sutras p. 20. 

4 ZDMG, LFI, p. 334. 
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.to . be followed ^ at the final stage of their metbod, as -is 
. supposed by Thibaiit aiid''Burk, they could have, and 
very likely would have, directed to adopt it at .the preli- 
minary stage, without taking recourse to any kind of geo- 
metrical operations at all. The method of Apastamba and 
B.audhayana was of course geometrical, not arithmetical.^. 

According to ■ the ' commentators Sundararaja and 
Bvarakanatha Yajva, the method implied is similar to 
this: 

^‘Produce the northern and southern sides towards the 
east as much as you wish (a side of the transformed rect- 
angle to be. Complete the rectangle and) draw the diagonal 
passing through its north-eastern corner. (Find the point) 
where it cuts the transverse side of the (given) square 
lying inside that rectangle. Leave oE the portion of that 
side lying to the north of that point and make its southern 
portion the breadth of a rectangle. That will be the rect- 
angle (required).’’^ 


^ It may be noted that Thibaut has discarded on a different occasion 
certain aritbmeticai interpretation of a rule of Bandhayana by Dvaraka- 
natba Yajva with the remark, “ The commentary instead of showing how 
the desired end could be attained by making use of the geometrical con- 
structions taught in the j)aribhasha siitras, employs arithmetical calcula- 
tion ; but this was of course not the method of the sutrakara.” {Pandit 
0. S., X, p. 73.) 

Similarly Biirk remarks about certain explanation of the commentator 
Sundararaja : “ This explanation of jneya is incorrect... because the 

Sulbasutra deals -with geometrical construction, and not with * numeri- 
cal calculation.’ In commenting jneya from the standpoint of arithmetic, 
the commentator fails into a similar error as disclosed by Thibaut in 
another case (JASB, XLIV, 272).” {ZDMG, LVI, p. 329.) 


® Jir^ ■'lifted I ^nr 

i%cj ( i” 
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GBOMETBICAL PROCESS 


Let ABCD.he the given square and M the given length 
which is greater than a side of the square. 

M E) H , P 



47 


Produce D^4 and OB to E and F respectively so that 
DE=:.CF:=:M, Join -SF and complete the rectangle EFCD, 
Draw the diagonal EG cutting AB at P. Then PP will be 
the breadth of the transformed rectangle. Through P draw 
the straight line HPG parallel to ED or FC, Then. HFGG 
is the rectangle which is equivalent to the square ABGD 
and whose side OF is equal to the given length M. For 

/^EHP=:^EAP, 

z:^PBC=^PGC. 

/. parallelogram PiPPP=paralielogram APGD, 

Hence parallelogram square ABGD. 

Q. E. D. 

Burk was led to suspect whether the method explained 
by the commentators was indeed in view of the Sulba- 
karas and to discard it ultimately for the simple reason 
“that this method is so scientific.'' Thibaut has not 
directly assigned any reason for his rejection of the inter- 
pretation of the commentators. He seems, however, to 
have been led by an observation of Dvarakanatha Yajva 
anyacca prakarah (“ Also another method “) which just 
precedes his delivery of the method. But the preliminary 
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remark of Sunclararaja is . ayamatra ,prahdfah, ■ This is 
the method (taught) here]'/' The rule has been formula- 
'ted by the two commentators' in 'identical words.,. So 
one has doubtless copied' from the other*. Difference in the 
preliminary remark may' be explained thus: Simdararaja 
explains the method just after the' above rule of 
'Apastamb a which is its proper place. ,But Dvarakanatha 
Yajva gives it under the imperfect method of Baudhayana 
for the transformation of a square into a rectangle 
which precedes his perfect rule stated above. So it was 
very natural for him to remark that it is ‘ ‘ another 
method.’' 

Why Dvarakanatha Yajva explains the method at a 
place other than what is proper for it seems very probably 
to be this. The process as defined in the rules of Baudha- 
yana and Apastamba does not begin, as has been already 
pointed out by Biirk, with the construction of a greater 
rectangle {EFCD in Dig. 47) as required in the above expla- 
nations of the commentators. But it begins very clearly 
to cut off from the given square a smaller rectangle 
(ABFE in Fig. 48). Or in other words the explanation 
of the commentators has in view the case in which the 
given length is greater than a side of the given square, 
whereas the rule of the Sulbakaras has in view the case 
in which the given length is smaller than a side of the 
given square. So Dvarakanatha Yajva was not wrong 
in calling the method described by him to be a difierent 
one. This case was treated under the unsatisfactory rule 
of Baudhayana undoubtedly as a sort of modification and 
improvement of it. The case of the Sulbakara has been 
explained by him in its proper place under the succeeding 
rule. 

The geometrical process in the case that was in view 
of the Sulbakaras is this : From the sides AD and BO of 
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the given square A BCD cut off respectively , ^ 



Fig:- 48 


making each equal to the given length M which is smaller 
than a side of the given square. Join AF and produce it 
to meet DC produced at P. Complete the rectangle 
ADPH^ Produce BF to meet HP at G, Then AHGE is 
the reotangie which is equivalent to the square 4 PCI) and 
which has a side AE equal to the given length M. The 
proof is similar to that given before. 

On one occasion Baudhayana makes a rectangle equi- 
valent to three given squares, one side of the rectangle 
being half of a side of a square,^ This case is a very 
simple one indeed, but it shows that he knew other methods 
of transforming a square into a rectangle than that indi- 
cated in his imperfect rule. 

To transform a square or O' '^^oianglc into an isosceles 

irafemim lahiGh shall have a face. 

Baudhayana gives the following rule for the transfor- 
mation of a square or a .^rectangle into an isosceles 
trapezium, or for what they c^ll “ shortening of a square 
or a rectangle on one side.’" 

^ We cut oil lengths equal to U from the sides AD and BC of the 
given square but not from the sides and 0Z>, because the rule deafly 
directs that the given length M should be made the parhamdm of the 
rectangle cut ; 

^ BSh iii. 255, 








I 




If. 




lOTO ISOSCELES TRAPEZIUM 91 

‘' If you wish to make a square or a rectangle shorter 
on one side, (cut off a rectangular portion) by making tbe 
sliorter length a side. Divide the remainder by the diago- 
nal and place (the two portions) on either sides (of the 
portion cut ofi) after inverting/^ ^ 
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Let ABOD be a given square and P a given line which 
is shorter than AB, From AB and DO cut off AE and DF 
respectively making each equal to P. Join EF and EC. 
Take the triangle CBE and place it after inverting in the 
position ADg, Then AEOG is the isosceles trapezium 
which is equal to the given square ABOD and whose face 
AE is equal to the given length P. 

We find a nearly similar rule in the Satapatha Brdli- 
mana.^ Let ABOD be a rectangle. Take AE^FB=^ 


A E HD 



■ ■ P* '■ B'' , ' ■- ■ ^ 

Fiy, ■ 

DH — CG. Then it is said that the trapezium EFGH is 



m 


INTO TRIANGLE 


exactly equal to the rectangle .47301). This method 
reappears in the Apastainha 

To if ansf or ni a square or a rectangle into a trumgU. 

" If you wish to transform a square or a rectangle into 
a triangle, construct a square whose area will be twice as 
much as the area of the figure (to be transformed). Fix 
a pole at the middle of its eastern side. Having fastened 
at it two ties (of two cords), stretch the cords towards 
the two western corners. Cut ofi the portions lying 
beyond these cords/ ^ ^ 


A _ /wt. s 



Fig>. ,31 


Let P be the given rectangular figure to be transform- 
ed. Draw the square ABGD so that its area will be 
twice that of P. Let M be the middle point of /IP. Join 
MB and MC. Then the triangle MOD is equal to the rect- 
angular figure P- Eor each is equal to the half of the 
square ABCD. 

To transform an isosceles triangle into a square, 

* ‘ If you wish to transform an isosceles triangle into a 
square, cut oS its northern half by the middle line ; then 
place it on the opposite side after inverting, By the 
method of constructing a square equal to a rectangle, 
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construct the square. , This is. the method o,f construe-, 
tion.,’:’ 



Fas*- 


Let /IB 0 be an isosceles triangle. Draw the median 
AD, Take the hn\i ADC and place it after invez'sion in 
the positiojoi EGA. Then the rectangle AGED is equal to 
the isosceles triangle ABC, Now* transform the rectangle 
AGED into a square by the method given before. 

To transform a square or a rectangle into a rhombus. 

‘‘ If you wish to transform a square or a rectangle into 
a rhombus, construct a rectangle which shall have an area 
twice as much as the area (of the figure to be transform- 
ed). Fix a pole at the middle of its eastern side. Having 
fastened at it two ties (of two cords), stretch the cords 
towards middle (points) of the northern and southern sides 
(of the rectangle). Cut olf the portions lying beyond (these 
cords). Thereby is also explained the construction of the 
other triangle.** ^ 

Let P be a rectangular figure. Draw the rectangle 
AECD so that its area will be double that of P. Let (r, 
H, B, F be the middle points of the sides AB, BC, CD, 
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TRANSFORMATION OF RHOMBUS 



':DA respectively. Joia GH, HE, EE, EG, Then the 
rhombus GHHF is equal to the rectangular figure F. 

This method is taught by Baudhayana, Apastamba^ 
and Katyayaiia.^ 

To transform a rhombus into a square, 

Katy ay ana observes : 

If it be the case of (transformation into a square of) 
a rhombus, bisect it by its transverse middle line. Then 
construct as before.'' 

That is, the rhombus is first divided into two isosceles 
triangles by drawing a diagonal. The triangles are then 
transformed into squares by the method given before. 
Pinaily, the two squares are combined into one square. 

1 Ap^l, xii. 9. 

2 iv. 6. 




CHAPTER Vin 
Arbas AND Volumes 

The uBiii o£ area is defined by Apasfcamba thus : 

“ By means of a measure is produced a measure.'*^ 
That is, the unit of surface measure or area is the area 
of a square on a side of unit length. 

In the we find express rules for the mensura- 

tion of squares and isosceles trapeziums only. It is cer- 
tain that mensuration of certain other elementary figures, 
such as triangles and rectangles, was also known in that 
time. The area of the circle was only roughly approxi- 
mate. Other kinds of rectilinear figures, particularly the 
Fire-altars of various shapes enumerated before, were 
used to be mensurated by breaking them up into elemen- 
tary triangles, squares and rectangles. 

The number of square units in the area of a square is 
ohiamed by multiplying the number of linear units in a 
side by itself, 

Apastamba. and Katyayana state: 

“As many units of a measure as are in a cord, so 
many rows (or series) of squares (of that measure) there 
will be in a square on. that cord as a side.’* ^ 
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AREA OF A. TRIANGLE 


This resoit was of course generalised, so that the area 
of any square was used to be calculated by multipiying 
its side, by itself. 

The number of square units m the area of a rectangle is 
ohiained by multiplying together the numbers of linear 
units in the length and breadth of the vac tangle. 



Fig*. 


Let ABCD be a .rectangle whose length AB contains 
p units and whose breadth AD has q units. On dividing 
AB and AD and drawing, parallel lines, it is found that 
the rectangle ABCD is divided into pq unit squares. 
Therefore its area is pq units of area. 

It should be noted that we do not find in the Sulha 
any explicit rule for the mensuration of a rectangle. But 
there is no doubt that it was used to be done in the above 
way. Similarly from the method of constructing the 
ubhayi bricks (Fig. 7) which are of jbhe shape of a scalene 
triangle, and of the parallelograms (Figs. 32-5 ; of, also 
Fig, 14), it is clear that the following formulae also were 
known : 

Area of a triangle (base) x (altitude), 

Area of a parallelogram ~ (base) x (altitude). 

The area of a trapemim. 

How to find the area of a trapezium has been demon- 
strated by Apastamba in the course of determination of the 
area of the Mahavedi which is of the shape of an isosceles 
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trapezium whose altitude, face m.A base are respectively 
'3:6, :24 and 30 p.adas (or prakramas). He says,:' ' 

“ The Mahdvedi measures (in area) one-thousand less 
twenty-eight , (square) padas. Draw a straight line, from 
the south-eastern corner (of the vedi) to a point 12 padas 
towards .the south-western corner.. Place the portion 
thus cut .off on the' other (he., northern) side. of the vedi 
alter inverting it. It, (the Mahdvedi} will then ' become, a 
rectangle. After that' construction the area, will be 
apparent.’" 



» ■ . w ,H 'c 


- Let ABCD: be .the ■ isosceles . trapezium. ; ' 'Gut ' .ofl 
W'H=EB,\\ Place \ the ■ triangle BEG after 

inversion in the position DQA, Then, the rule says, as 
is also obvious, 

.The .area of the trapezium.' 'AjSGD.'. ' 

the area of the rectangle GBHD, 

= DHxBH, 

= I {AB^DO) xBH, 

= I (face + base) x- altitude. 

This result also follows at once from the method indicated 
in the Satapatha Brdhma^a and by Baudhayana for the 
transformation of a square or a rectangle into an isosceles 
:;tripeziuin.f' 

2 Vide suprois p, 90f. 
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■■9& ' ^ SQUARE .OF GIVEN "area , 

Figures with a given area. 

For the constriioMon of an altar of proper sizie and 
shape^ as prescribed by the Holy Scriptures, it is some- 
times necessary to describe a rectilinecar figure having a 
given area. For instance, it is prescribed that the ^vedi 
of the Pitrya jna must be a square of an area equal to 
one-ninth of that of the MahavediA Now the area of 
the Mahdvedi is given to be 972 square padas. So the 
problem becomes to construct a square having an area of 
108 square padas. Again it is said that the Sautmmanilfi- 
vedi is of the form of an isosceles trapezium having an 
area equal to the third part of the MaJulvedi, that is, to 
824 square padas. According to ipastamba and Katya - 
yana, this isosceles trapezium must be similar to the 
shape of the Mahdvedi. This case will be treated sepaiateiy 
under ''Similar figures.” But Baudhayana seems to have 
left the shape of the trapezium unrestricted. Hence there 
arises the problem : to find an isosceles trapezium having 
an area of 824 square padas. According to the tradition of 
some schools, it is necessary to construct square-shaped 
altars of area varying from to 6^ square purusas.^ 

To construct a square having an area of 108 square 



Baudhayana gives the following method : 

" One-third producer the side of a square whose 
area is one -third the area) of the square made with the 
third part of the Mahdvedi is that (the side of the Paitrku 
vedi). Its area is the ninth part of the area (of the Malta- 
vedi)r^- 

108 = 324/3 = 18 ^/ 3 . So the required square will be 
one4hird of a square on a side 18 padas long. The 

1 81. 

2 BSl, ii. 14 ; S.'pSlt viii, 8. 

® BSl, i. 82; com^Bte Pandit^ X (0. S,), p. 46i 
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iBethod for this latter construction has been taught' before. 
Let /IB be a straight line 18 padas long. Divide it into 
three equal parts. Let AC be one such part. Describe 
the .square AGDE. Join AD. Describe a circle ^ with. 



Tjs-S^7 

centre A and radius AD cutting AB at B\ Join EF. 
Then EF is a side of the square having an area of 108 
square padas. For 

=^EA^-hAD^, 

EF'^ = 108 square padas. 

This construction is the same as to find a square 
three times a square of 36 sqaure padas. For 108=8 x (U^. 
If 108 would have been a square number or expressible 
as the sum of the two square numbers, the solution would 
have of course been very easy. 

To GonstniGt an isosceles tmpe^ium having an area of 
324 square padas. 

Baudhayana says : 

'‘If a square be formed with the third part of the 
Mahavedi, its sides will be each 18 padas long. Then by 
making it longer on one side and shorter on the other, 
the sides should be determined optionally as necessary/' ^ 


i BBhL 864. 



100:^^^ TBAPEMUM' OF GIVEN AREA ' , 

The rule does not explain clearly how the sides of the 
square formed with the third part Of the Mahavedi, are to 
be varied, so that the modified figure may assume the 
shape of an isosceles trapezium, but still retaining the 
same area. It seems, however, that the altitude is left 
unchanged, only the face and base being varied. 


A E F B 
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Let ABCD be the square whose side AB is 18 padas 
long. Suppose EPGH to be the modified form. Also sup- 
pose and HG==^lSy, Since the area must remain 

the same, we must have 

18(iS^») = 324, 

or X + 2/ = 

Thus we can easily obtain any number of isosceles trape- 
ziums having the same altitude and area. 

We have explained before Baudhuyana’s method for 
the transformation of a square (or a rectangle) into an 
isosceles trapezium which shall have a given face. That 
is different from the one supposed here. But this method 
has one advantage over that ; it does not disturb the east- 
west line and so its adoption, we think, to have been more 
probable. If the altitude also vary, we get an indetermi- 
nate equation of the form 
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^ ^ OP A PBISM 

; where 18.^ is the altitude of the resulimg isosceles trape- 
zium. 

Voliime of a Prisin or CylmdeT, 

, We have' so far treated of the shape and size of the 
base of the various kinds of Fire-altars ^ and have observed 
that the size in.aii nases , has.^ been , prescribcjd to, , be, the 
same, namely, 7|,,, square purusas. Every Fire-altar, 
save'and except the , .one' of ' the shape of the cemetery 
{Sinasdna-Gii)^ has , a perfectly horizontal surface, whose 
height is prescribed to be one jdnu (=32 ahgulis) for the 
first eonstructiGn, two jdmis for the second construction, 
and, so on. . Again the number of layers of bricks at sue- 
cessive, constructions ' increases as 'multiples, of five ; and 
the shape and size of any layer of a particular Fire-altar at 
any construction is the same as those of its base. Hence 
all the Fire-altars are right prisms or circular cylinders. 
And the early Hindu geometers evidently knew the formula 

Volume of a prism or cylinder = (base) x (height), 

AjJjyroximaie Volume of the Frustum of a PyramuL 

The cemetery-shaped Fire-altar is in fact a frustum of a 
pyramid. Its base is an isosceles trapezium whose dimen- 
sions are stated by Baudhayana to be as follows : 

should construct the Smamna-cit ('‘ the Fire-altar 
of the shape of the cemetery who desires : ‘ May I gain 
prosperity in the Pitrloha (the world of the fathers) : * ^ it 
has been (taught). Six purusas are the length of the east- 
to-west line, three the length of the eastern side and two 
the length of the western side. This is the body (of that 

^ Tiie quotation is from TS» v, 4. 11.3. 

s iivii, 30. , 
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I^RUSTUM OF A FYBAMID 


It should be remarked that the unit purusa in this 
passage is not the ordinary purusa of 120 ahguiis, but a 
reduced unit whose length is equal to a side of a square 
equivalent to one half of the ordinary square purusa. ^ So 
the area of the trapezium is equal to 15 reduced square 
purusas or 7| ordinary square purusas. 

The height of this Fire-altar has been specified by 
Baudhayana thus: 

“ Its {SjnaMna'Cit) measure is, when neck-deep on the 
east, navel-deep on the west ; when navel-deep on the 
east, knee-deep on the west ; when knee-deep on the 
east, ankle-deep on the west ; and when ankle-deep on 
the east, it is on a level with the ground on the west/’ 

Notwithstanding this difference in height on the two 
sides of the Fire-altar, its cubic content has to be kept in- 
tact. To effect that in practice the following device 
is generally adopted : 

“ Increase the (usual) vertical measure of the Fire- 
altar by its one-fifth. Then divide the total height into 
three parts, and make bricks with (the height equal to) the 
fourth, ninth or fourteenth part of two of these parts. 
Construct four, nine or fourteen layers with them. Divide 
the remaining part (having constructed it with one layer 
of bricks of the height of one-third the total height) by the 
diagonal (plane) inclined down towards the west and re- 
move the half ( 2 .e., the upper portion).” ^ 

It has been prescribed that the nth construction of the 
Fire- altar shall have a height of n Janus and comprise of Bji 
layers of bricks. Increasing the height by its one-fiffeh, 
we get Gn/'fi Janus, l:wo-thirds of them gives 4n/5 Janus. 
Up to this height, the altar is constructed in (5n-l) 

^ iii. 253-4; compare also TMbaut, ^ulvasutra, p. 40. 

2 BSr, svii. 30. 

3 266 - 8 .. ■ 
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layers, so that the height of each brick is equal to ipn^l)th 
part of 4?i/5. One-third of the increased altitude is ' 2»/5 
janus. Next layer of the Fire-altar is constructed with 
bricks of height 2?i/5 janus. Then the upper portion of this 
layer is cut off by the diagonal plane as directed. Hence 
the altitude of the altar is now 6n / <5 janus on the east, 4nl§ 
janus on the west ; so that its average altitude is (6n/5 
+ 4:71/5)12 oi n janus. This device will be easily recognised 
to be based on the following approximate formula for cal- 
culating the volume of the frustum of a pyramid : If 
(a, b) be the length and breadth of the rectangular base 
of the solid, (a/, b') the corresponding sides of the face 
parallel to it and h the height, then 

Volume of the frustum^ ^ )( ~^ 




CHAPTER IX 


The Theorem of toe Square of the Diagonal 

There is one very important proposition which, together 
with its converse, looms much more considerably than 
anything else through the entire geometry of the Sidha. 
Baudhriyana has enunciated it thus: 

‘I The diagonal of a rectangle produces both (areas) 
which its length and breadth produce separately/’ ^ 

That is : the square described on the diagonal of a rect- 
angle has an area equal to the sum of the areas of the 
squares described on its two sides. The proposition is 
defined in almost identical terms also by Apastamba ^ and 
Kiltyayana.^ 

This theorem is now universally associated with the 
name of the Greek Pythagoras (c. 540 B.C.), though “ no 
really trustworthy evidence exists that it was actually dis- 
covered by him/’ ^ To denote it as shortly and clearly as 
possible, Hankel suggested lor it the name ‘‘ the Theorem 
of the Square of the Hypotenuse.” It would be more in 
keeping with the form and spirit of the early Hindu geo- 
metrical terminology to alter this slightly to “the Theorem 


L 48. 

Compare BSr, s. 19 ; xix. 1 for applications of the theorem, 
i** — ApSliLi, 

ih 11. 

* Heath, Greek Math,, I, p. 144f. 
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, of the „ Square of, the DiagoaaL.' ’ For the t^ulba . does not 
speak , as we do , of ' the ' right-angled trimigie, but of' the 
square and the .rectangle. Hence the altered . title la 
adopted here. 

'The employ, ment of 'two different terms by com.p.arfe- 
.ment for what we denote by one, necessitated the ancient 
Suibakaras to ,, define 'the above proposition ' for the' rect- 
angle again with reference to the square ; 

The diagonal of a square produces an area twice as 
much.'’". 3, „ ■ 

That is : The area of the square described on the 
diagonal of a square is double the area of that square. 

The order in which these two and other closely related 
propositions is mentioned by different writers is note- 
worthy. The oldest known Sulbakara, Baudhayana, states 
the second proposition before the first intervened by two 
other rules in the same connexion. The posterior writers 
like Apastamba and Katyayana place the second just 
after the first. This change in the order in stating these 
propositions may not be entirely without any significance. 
It snows that by the time of Apastamba and Katyayana 
the importance and generality of the theorem of the 
square of the diagonal of a rectangle was recognised fully. 
So they very naturally stated the corresponding theorem 
for the particular case of a square as a corollary to it. 
But from the point of view of the origin and growth of the 
theorem, Baudhay ana's arrangement is more natural. 

Another proposition which has been most freely used 
in the Bulba for the construction of a right angle is this ; 

“If a triangle is such that the square on one side of it is 
equal to the sum of the squares on the two other sides, then 
the angle contained by these two sides is a right angle/' 

3 BSl, li5; ApSltL^; ii* 12. For applications of the 

theorem compare x, 19 ;; xix; 1? ;xxvi. 10. 
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DID HINDUS KNOW A PROOF 


This converse proposition is not found explicitly defined 
by any Sulbakara but its truth is tacitly assumed by ail 
,of them., : 

Did the ancient Hindus discover a proof of the theorem 
of the square of the diagonal? No conclusively satisfactory 
answer which will be beyond a shadow of doubt can be 
given to this question. For there is not found any men- 
tion , direct or indirect, of such a proof, even if it had 
existed anywhere in the early literature of the Hindus. 
So what we shall say on this point will be more or less 
conjectural, based of course on other matters having 
positive bearing on the point in question. It may be 
pointed out that the state of affairs is not much better 
elsewhere. It has been already stated that though the 
proposition is now universally associated with the name 
of the Greek Pythagoras, “ no really trustworthy evi- 
dence exists that it was actually discovered by him.’' The 
tradition which attributes the theorem to him began five 
centuries after Pythagoras and was based upon a vague 
statement which did not specify this or any other great 
geometrical discovery as due to him. This led some emi- 
nent scholars like Hankel ^ and Junge ^ even to deny to 
Pythagoras the discovery of the proposition of the theo- 
rem of the square of the diagonal. Again the method 
which is supposed by the modern believers of the Pytha- 
goras hypothesis to have been presumably followed by 
him to prove the theorem is purely conjectural.^'^ So in 
the same way we proceed to discuss how the theorem 
was proved by the ancient Hindus. It may be noted 

^ H. Hankei, Zur Geschichte der Math, in Alterthum und Mitte^ 
a. ?ter, Leipzig, 1874, p. 97. 

® G. Junge, Wann habea die Grieschen das Irrationale entdeckt? 
Novae Symholae Joachimicae» Halle, 1907, pp. 221-264; quoted by 
Heatb (Euclid, I, p. 351). 

^ Heath, Euclid, I, pp, 352 
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that Biirk and Hankel are definitely of opinion that the 
Hindus had a general geometrical proof. So also was, 
and more pronouncedly, the eminent German philosopher 
Schopenhauer. 

The rule of Baudhayana immediately following that 
oontaining the enunciation of the general theorem of the 
square of the diagonal runs thus : 

“ This the truth of the theorem) is perceived in 

the rectangles with sides of three and four (units), twelve 
and five, fifteen and eight, seven and twenty-four, twelve 
and thirty “five, fifteen and thirty-six (units).'’ ^ 

The Sanskrit terms are trikacatuskayoh, etc. They 
literally mean, the rectangle whose sides have three 
(units) and four (units)/' etc. 

From this one might surmise that the ancient Hindus 
were aware only of the arithmetical character of the 
theorem and then by an imperfect generalisation applied 
it to rational rectangles. But such a surmise will be too 
hasty. For there cannot be absolutely any doubt about 
the fact that the Hindus fully recognised the most general 
geometrical character of the theorein and employed its 
truth universally. Indeed, we find instances of its appli- 
cation to cases of rectangles whose sides cannot be re- 
presented by rational quantities. For instance, for the 
construction of the Sautramamkhvedi, application is made 
of the right-angled triangle (li5/ ^'^3, 36/ 39/ or 
(5v^3, 12 Vd, 13a/ 3) and for the Asvamedhikuvedi oi the 
right-angled triangle (15 V2, 36^^2, 39'v/2). 

The propositions about the combination and trans- 
formation of areas which we have noticed before may also 
be cited in this connexion. Perfectly geometrical oharac* 
ter of them cannot be questioned. 
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HlPOlTIESIS AS REGABDS, PROOF' 


Above ail there is the remark of Katyayana at the end 
of his enunciation of the general theorem of the square of 
the diagonal of a rectangle: iti ksetrajnanafii or '' this is 
the knowledge of (plane) figures.’’ Thibaut renders it as 
“ this is the knowledge (requisite) for (the measurement 
of) areas.” This is evidently inaccurate. For in the SulM- 
sutr a, th^ area is technically called hhtimi, not ksetra 
which denotes “figures.” These prove conclusively that 
the universal geometrical character of the theorem was 
fully recognised. 

On the other hand the above rule of Baudhayana 
suggests that the truth of the theorem of the square of 
the diagonal was perceived and proved in the case of 
rational re 3t angles first; and it was then generalised and 
found to be true universally. This is perfectly natural. 
In support of this hypothesis may be cited the rule of 
Apastamba and Katyayana for the calculation of the area 
of a square : 

“As many units of a measure as are in a cord so 
many rows (or series) of squares (of that measure) there 
will be in a square on that cord as a side.” ^ 



So that by drawing the squares on the sides and 
diagonal of a rational rectangle and dividing them into 

1 ApSlf iii. 7; iii. 9* Vide supra p..^ 95. 
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p 

f 

I 

; elementary squares it will be easily found by oalcuiation 

I that the square on the diagonal is equal to .the sum of the 

f squares on the sides. 

ik This hypothesis as regards the proof of the theorem 

' presupposes a knowledge of the rational rectangles. How, 

' the ancient Hindus discovered such, rectangles we, shall. , 

' discuss in the next chapter. . 

I The rules of Baudhayana just preceding the one con- 

i taming the proposition of the theorem of the square of the 

diagonal of a rectangle are these : 

The diagonal of a square produces an area twice as 
much, 

“ (Take a rectangle whose) breadth is (equal to) the 
measure (of the side of a square) and length (equal to) its 
dvikara?it; its diagonal will be trikamnl (‘ three- fold-pro- 
ducer’ of the square). 

Thereby is explained the trtlya-karanl {‘ the generator 
of the third part ' of the square); it is the ninth part of 
the area.” ^ 

If this arrangement of the propositions can be supposed 
to give any clue as to the discovery of the theorem of the 
square of the diagonal, then it will have to be said that the 
theorem for a square was discovered first. In that case the 
hypothesis about the discovery of a proof of the theorem 
must be a little different from the one suggested above. 

Now one of the oldest Hindu Fire-altars is the Catura- 
sm^yenaoit. The oldest method for its construction does 
not presuppose a knowledge of the theorem in question. 
This method had been expressly taught by Ipastamba. It 
was undoubtedly known to Baudhayana who hints it very 
briefly and gives in fact what is rather an improved form 
of it. Biirk ^ surmises that the proof of the theorem was 

^ BiSh i. 45-7 ; see also BSr, xix. 1. 
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discovered just in the ^guve oi the Catiirasra-syenacit, 
The, square AC FE on the Uiagonai AC of the square 
ABGD of the four squares forming the atman (or “body '0 


of this altar is obviously equal to the square ADEH on 
the side AD and the square DCGF on the side DC, Biirk 
has further confirmed his hypothesis by a reference to 
Baudhayana's imperfect rule (taught also by Katyayana) 
for the transformation of a square into a rectangle. 


This hypothesis about the discovery of the proof of the 
theorem of the square of the diagonal of a square is 
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THIBAUT'S: hypothesis 

eBclorsed also by. Heath, ' If is certainly .more likely fhari' 
the one suggested by Cantor ‘- 2 , and, Allman about Pytha- 
goras' proof of the theorem. (Fig. 62.) 





■ '..Thibaut'says : ■ The .authors of the sutras ,do not g.ive. 
us.vany hint as , to .the' way. in 'which they found, f heir pro-: 
position regarding the diagonal of a square; but we 
suppose that they, too, were observant of the fact that the 
square of the diagonal is divided by its own diagonals into 
four triangles, one of which is equal to half the first 
square [Fig. 63], This is at the same time an immedi- 
ately convincing proof of the Pyth agorean proposition as 
far as squares or equilateral rectangular triangles are 
concerned." ^ 

^ T. L. Heath, The Thirteen Books of EucluVs Elements, in 
3 volumes, Cambridge, 1908, Voi. I, p, 352. 

It may be noted that this proof of the particular case of the theorem 
of the square of the diagonal was adduced with the figure, as that of 
its general case, by Al-khowarizmi (c, 825). (P. Eosen, The Algebra of 
Mohammed Ben Musa, London, 1831, pp. 74f,) 

® M. Cantor, l[,orle$ungen uher Gescht'cMe der Matheniatik, 3rd 

3 J. 0. Allman, Oreefe Geometry from Thales to Euclid, Buhlin , 

* Thibaut, iSulhasutrast p. 8. 
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Bilrk thinks that this supposition is less probable, 
because it has no connecting link with the constructions 
ordinarily met with in the iSulba, also because it does not 
explain what might have induced the Suibakaras, after 
they had drawn one square, to construct a new square 
on the diagonal of the same. 

Such construction is not really as unnatural for the 
Sulbakaras as is supposed by Biirk. It is indeed clearly in 
evidence in the pattern of the first layer of bricks in 
the first kind of construction of the Vahrapahsa-syenacit 
as described by Baudhayana.^ To draw the attention 
directly, the relevant portions of it are here marked with 
bold lines ^ (Fig. 64). Further Baudhayana teaches us to 
construct a square (brick) with half the diagonal of 
another square.^ This leads to a construction of the kind 
supposed by Thibaut. 

However, similar objections may also be raised, partly 
at least, against the supposition of Biirk. What might 
have led to the drawing of the diagonals of the four 
squares forming the body of the Gaturasm4yenaoit ? 
They are not required as a matter of course. 

^ iii. 62-104. 

® BSl, ill 87-104. Compare Pandit, Vol X (0. S.), p. 211. 
BSl,iiim. 
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Vakrapaksa^syenadit 

First layer of oonstracbion (after Batidhayam) 


An equally convincing hypothesis, which is very nearly 
alike to that of Biirk but free from all those defects, is 
suggested by the method of construction of the Paitrkh 
vecli. According to one tradition about that vedi, it is a 
square of one square purusa in area whose corners are 
turned towards the cardinal directions, ^ For its construc- 
tion Katyayana indicates the following method : 

“ For the PaitTlu{-vedi), construct a square whose area 
is two square purusas; fix poles at the middle of its sides. 
(The figure formed by lines joining these poles will be the 
vedi required.) This is the method of construction/' ^ 
Mention of that tradition about the PaitTkl*veAi is 
made also by Baudhayana.^ In fact, the construction of 
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a square with its corners pointed towards the cardinal 
directions is mentioned as early as the Baiafathci Brdli- 
mana,^ But how to do it has not been indicated there. 
This is to be accounted by the fact that the method, which 
is undoubtedly the same as that described by Kityayana, 
was too well known. In fact it seems to have been the 
usual practice in all such cases. Compare Baudhayana's 
imperfect method for the transformation of a square into 
a rectangle where also it is necessary in the beginning to 
construct a square whose corners are turned to wards the 
cardinal directions. The common methods for the trans- 
formation of a square into a triangle and a double triangle 
or rhombus may also be referred to. 



Fag*. 


It is thus learnt that the figure ^ EPGH obtained by 
joining the middle points of the sides of a square ABCD 
was known to be square in shape and half the oidginal 
square in area. Now the original square ABCD was 
naturally recognised as equivalent to the square on EG 
which is the east-west line. For as has been described 

1 xiii. 8. 1. 5. 

2 This figure was happily conceived also by Hankel as the possible 
source ot the discovery of the theorem. But he was not aware of the 
special aspect it had in the geometry of the ^ulba. 
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GENEKAL I>R,OOF 

before , the, usual practice of the Hindus . for the construe-,: 
tion of a square (or indeed any other ' regular figure) of 
given sides was ' to construct it in such a way as to . 
make it lie symmetrically on the east-w^est line. This 
EG is again the diagonal of the newly formed square 
EFGH.. . So this fi.gure leads in a very. , simple and' vivid 
way to the discovery and proof of the theorem of the 
square Of the diagonal of a square. If we join HF\ we at 
once obtain the construction forming the basis of Bilrk^s 
hypothesis. 

How the ancient Hindus proceeded next to find a 
general proof is well hinted by the following two proposi- 
tions of Katyayana preceding that of the general theorem 
of the square of the diagonal of a rectangle : 

(Take a rectangle whose) breadth is one pada and 
length three padas; its diagonal is the * ten-fold-generator * 
(i.c., it generates a square ten times as large as a square 
of one pada). 

“ (Take a rectangle whose) breadth is two padas and 
length six padas; its diagonal is the * forty- fold-generator ' 
(f.6., it produces a square forty times as large as a square 
of one pada).” ^ 

It is evident from Fig. 66 that the square AB 01) is 
equal to ten elementary squares, four forming the inner 
square OPQB and the remaining six from the halves of 

, ) ii. 8-9. Compare v. 3. 33, for an application of the 

6 rat rnle and xvii. 3.14 of the second. 

In the manuscripts of the Katydyana &tlba known to me, there 
occurs a rule intervening between the-se two propositions and the propo- 
sition of the general theorem of the square of the diagonal : 

The measure of the yuga and the samyd has been taught (before 
as it is found (in the holy scriptures).’* — ii. 10. 

I think this rule has been placed here erroneously by a copyist. 
So there is a gradual “ development of the proposition of the theorem 
of the square of the diagonal from the particular cases to the most 
general one. 
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GENERAL PROOF 



Fjgi GS 



the four rectiaiigles surrounding it, viz,, AFBO, BGCP, 
CHDQ, DEAR, each of which contains three elementary 
squares. These can again be divided into two groups : 
one group consisting of nine elementary squares forming 
the square on the line OB and another group of a single 
elementary square on the side OA, Thus it is proved that 
AB^ = OA^ + OB^ 

If the side of each elementary square be one pada, we 
find a proof of Katyayana^s first proposition, and if it 
measures two padas, a proof of his second proposition. 
From these and similar instances of rectangles whose 
lengths and breadths can be represented by commensu- 
rable quantities, and in which the truth of the theorem is 
proved easily, it is not difficult to surmise how to proceed 
to find a general geometrical proof of it. 
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AceordiDg to this supposition we are to draw four rec- 
tangles equal to the given one each having as its diagonal 
a side of the square on the diagonal of the given rectangle. 
Then it follows obviously, 

0 - = 4(|a6) + (a- 6)^, 
or 

We thus find from the jSulha how by successive stages 
the ancient Hindus developed, as is highly probable, a 
general proof of the theorem of the square of the diagonal. 
As confirmatory to this hypothesis, we may refer to the 
method of Apastamba for the enlargement of a square. 
If it be required to construct a square whose side will 
exceed a side h of a given square by a, add, says Apas- 
tamba, ^ on the two sides of the given square two rec- 
tangles whose lengths are equal to b and breadths to a; 
then add on the corner a square v5?hose sides are equal 
to the increment a. Thus will be obtained a square 
with a side equal to a + 6 (Fig. 68). A similar method is 
taught by Baudhayana.^ Now we can divide the added 
rectangles by their diagonals and place the four resulting 
triangles of sides a, c around another square of the 
same size as the enlarged square, in the manner shown in 
Fig. 67. 

Nearly the same figure as Fig. 67 is formed by the 
constructions described in the Sulha-t for the combination 
of two difierent squares (Fig. S8). The general truth of 
the theorem was very likely perceived from that figure.'^ 

2 Ap^U iii. 9. See ako p. X76 infra. 

2 sm, iii. 192-4. 

3 Compare C. Mxiiler, “ Die matbematik der Sxilvusfitra,” AhJiand. 
a. d. math, seminar d. Hamhurgischen Univ.» Bd. vii, 1929, pp, 176- 
205 ; more particularly pp. 194 f, 
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ANOTHER HYPOTHESIS 


The above proof of the theorem of the square of the 
diagonal is given in later times in India by Bhaskara II 
(1150),^ Bretschneider ^ conjectures that Pythagoras’ 
proof of the theorem was substantially the same. In 
approving of this hypothesis of Bretschneider, Hankei 
remarks that “ it has no specific Greek colouring but 
rather reminds of the Indian style.” This remark has 
been accepted by Allman,^ Go w and Heath.^ Heath 
has pointed out another objection against accepting that 
as Pythagoras’ proof, though he admits it to be the 
” best.” ^ This interesting proof was given also by 
Chang Chun-Gh’ing (c. 200 A.D.) in his commentary of 
the ancient treatise Oko'u-pe/‘ (c. 1100 B.C.).® 

Another plausible hypothesis will be that the ancient 
Hindus were led to the discovery of the general proof of 
the theorem of the square of the diagonal in the following 
way : Let BCD be a given square. Draw the diagonal 
AC and cut off AE equal to AO. Construct the square 
AEFG on AE, Join DH and on it construct the square 
DHME, Complete the construction as indicated in 
Fig. 69, Now the square DHME is seen to be comprised 

^ B^jaganita (of Bbaskara 11), ed. Sudbakara Dvivedi and Murali- 
dhara Jha, Benares, 1927, p. 70. 

^ C. A. Bretschneider, Die Geometrie urtd die Geometer vor 
Eukleides, Leipzig, 1870, p. 82. 

3 H. Hankei, Ztir Geschicltie der Maihematik in altertum tind 
miltelaheTt Leipzig, 1874, p. 98. 

4 Gr. J. Allman, Greek Geometry from Thales to Lublin, 

1889, p. 37, 

5 J. Gow, A Short History of Greek Mathematics, Canabridge, 
1884, p. R5f. 

6 Heath, Euclid, I, p. 355. 

7 Heath, Euclid, I, p. 355 ; Greek Math,, I, p. 149. 

8 Y. Mikami, ** The Pythagorean Theorem,” Archiv. Math. Phys., 
XXII (3), 1912, pp. 1-4 ; The Development of Mathamatics in China and 
Japan, Leipzig, 1913, p. 5. 
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of four right- angled triangles each equal to DAE and the 
small square ANPQ, This square will be easily recog- 
nised to be equal to the square CRF8 and triangles equal 
to the rectangles AEllD and ABSG. Therefore the 
square DHME is equal to the sum of the squares ABCD 
and AEFG , Hence the theorem. Constructions like this 
are necessary in the usual course in the SulbaA 

Early History 

The early history of the theorem of the square of the 
diagonal, in India, has been very ably treated by Burk.- 
We have now discovered a few more corroborative 
evidence of unquestionable value as regards its ancient 
character. In the Aulba, the theorem is found to have 
been applied very extensively. Even in the construction 
of a square, a rectangle or a trapezium, is ordinarily pre- 
supposed a knowledge of its converse. We may, however, 
presume for the sake of the best argument on the adverse 
that in the anterior times, those simple geometrical figures 
were used to be constructed by methods which would not 

1 For instance see Pig. 57 ; see also Pa^diU O.S., X, pp. 46 f. 

2 Biirk, ZDMG, LV, pp; 546 
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depend in any way on that; theorem. ^ The proof of the 
possibility and existence of such methods, we find also in 
the ^ulba. But there are certain other geometricai 
constructions such as (i) the geometrical constructions of 
/2, V3, etc., and (u) the transformation of rectangles into 
squares, for which the theorem ot the square of the diago- 
nal is absolutely indispensable. Hence to determine the 
ancient history of the theorem in India, we shall have to 
find from the ancient literature of the Hindus the oldest 
instances of the application of the one or the other of 
those geometrical constructions. Such instances occur 
indeed copiously. 

Now the doubling of a square, he., the geometrical 
construction of V 2, is necessary for the construction of the 
one of the three primarily essential altars of the Vedic 
sacrifices, the Daksina. It has been pointed out 

before that the existence of those three altars is older than 
the Rgveda (before SOOO B.C.). Hence the theorem of 
the square of the diagonal, particularly in its simplest 
form for the case of the square, is as old as that. In 
connexion with the construction of the Rathacakra-citi, as 
in the ease of the most of the Kdrnya Agni, one has first 
to draw a square equal to the primitive and standard 
Agni, the Caturasra-syena-cit, whose area is 7-| square 
purusas and whose form (Fig. 1) consists partly of squares 
and partly of rectangles. It will be easily seen that the 
solution of this problem is not possible without the help 
of the theorem of the square of the diagonal in its general 

^ From the preference which is found to have been given in the 
iSulba to the method of construction of rectangles and trapeziums with 
the help of the rational rectangle (15, 36, 39) connected with the dimen- 
sions of the Mahdvedii which will be noticed in the next chapter, we 
are convinced that the same method was used to be followed as early 
as the time of th& TaitUr^d md oth^x S a mhitd (c. 3000 But 

here for arguments’ sake we shall waive that conviction too. 


brIhmana and sradta 
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form, , For Prauga-citif one Has again to double 
■that square. Hence the theorem must be as old as ' the 
Taittinya and other BamJiitd (c..-3000 B.O.) where, ,ifc has 
been pointed out before, occurs the express mention of the 
construction of 'the Kdinya Agni, In the BaMpaiha 
Brdhniana, we are asked to construct a square fourteen 
' times as great as another square of one purusa. Again : 
it is required to divide the small square into seven parts 
and three of the parts will have then to be combined with 
the larger square to form a new square.^ From that 
Brdhmana, we come to know of some ancient authorities 
wRo used to approve of the construction of a series of 
Agni of the square shape, with areas 1-|, square 

purusas.^ These have been incidentally mentioned by 
Baudhayana and Apastamba.^ But the Batapatha 
Brdhmay^a particularly forbids the construction of such 
altars. That is, however, quite immaterial for the object 
we have now in view. It is sufEcient and important for 
us to know that such constructions which clearly depend 
upon the addition of squares were once in vogue, at any 
rate in some particular schools, before the time of the 
Batapatha Bvdhmana (c. 2000 B.G.). In one of the cases 
noted above it is necessary to transform a rectangle into 
a square before it can be added to another. In the 
Brauia-sMni, we find copious instances of the geometri- 
cal construction of ^2, VS, etc. Some of those instances 
can be clearly distinguished from all the previous ones 

1 C/. Biirk. ZDMG, LV, pp. 549, 553. 

2 X. 2.3. 7-14, For further particulars in this connexion see 
Chap. XII. 

3 Ihid, X. 2. 3. 17. 

4 ill 318 . 9 * 

5 Ap^l, viii. 3, 6; xii, 1-2 j xvi. 17,15, In this work, the 
tradition is expressly attributed to the Batapatha Brdhmana, 
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inasmuch as in them the application of the theorem of the 
square of the diagonal has been very clearly mentioned, f 
In the Baudhdyana Srauta, the converse theorem is used 
for the construction of the Mahavedi.^ Thus we learn 
that the theorem of the square of the diagonal really plays 
a very important part in the science of altar-construction 
from very early times and in some oases it is, in fact, 
indispensable. 


1 For example, we take the following from the earliest /Sraata-sStra, 
namely the Brndhayana Srauta : 

I ”—BSr, X. 19. 

“ flwrat I R^i: ®iKt i 

iftftranrf Raff. ’©T'rr i ^ 

R? fine; Rr^Bfitct; to*i; 

n: ^^^fiffr: ^ §f?: i ” 

■— six. 1. 

Compare also sxvi. 10. 

2 B^r, vi. 22. 
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Eational Bectangles 

In the Sulba-stdra we meet with the following rational 
rectangles : 

(ay 33+42=5*^ 

(iy 92 + 12“ =152, 

1 ( 7)3 122 + 162 = 202 , 

(iny 152+202=252, 

( iv )^ 722 + 962 = 1202 . 

(by 52 + 122=132, 

(i)^ 152+362=392, 

(ay 402 + 962=1042. 

(cy 72+242=252. 

((?)'" 82 + 152=172. 

(e)ii 122 + 352=372. 

1 B6% i. 4D ; ApSl, v. 3. 

2 m P, verse 31. 

3 ApSI, V. 3. 

* ApSl, V. 3. 

6 Mo^f, iii. +6. 

6 BSl, i. 49; ApSi, v. 4. 
f S5!, i. 49 : ApSl, T. 2, 4; Mal^l, v. 2-8. 

8 MaSl, iii. 3 ; Mai^l 

9 i. 49. 

10 B-Si/, i. 49; ipSl, V. 6. 

U BBJ, j.49;ipBI,v. 6, 
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HOW DISCOVEEED 


Besides these of which the sides and the diagonal are 
rational integers, we find also a few other rectangles whose 
sides and diagonal are expressible in rational fractions : 

(a.v)^ ( 21 )^ + 3 ^ = ( 3 |)^ 

ia. vi)^ ( 7|)2 + 10 ^ = ( 12^)2 

( 6 .'m )3 ( 1|)2 + 4 ^ = ( 44)2 

(bav)^ (2^)^ -I- 62 = (6^)2 
{b,v)^ (2^^ +6^ = (5^^ 

ib. vt}^ (4^)2 + 102 = (10f)2 
(b,viif (111)2 4- 272 = (291)2 
{b.viii)^ (784)2 4- (188)® = (208f)® 

It will be very interesting to know how the early 
Hindus discovered their rational rectangles. Thibaut 
observes : “ Most likely they discovered that the square on 
the diagonal of an oblong, the sides of which were equal to 
three and four, could be divided into twenty-five small 
squares, sixteen of which composed the square on the 
longer side of the oblong, and nine of which formed the 
area of the square on the shorter side. Or, if we suppose 
a more convenient mode of trying, they might have found 
that twenty-five pebbles or seeds, w^hich could be arranged 

^ KSl Pi veiBQ^of. 

2 MaSl, vi. 

3 MaiSl 

^ ApSli vi. G ; Ma3liiv ; MaiSL 

s Ap^ly vi. 7. 

6 ApSl, vi. 8. 

^ ApSl, vii. 3. 

8 ApSl, vi. 5, 
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in one square, could likewise be arranged in two squares 
•of sixteen and of nine. Going on in tba't way they 'would 
form larger squares,' always trying if the pebbles forming ^ 
one of these squares could' not as .well be arranged in 
two smaller squares. So they would form, a, square of 86, 
of 49, of 64, etc. 'Arriving at the square fo.rmed' . by 
13' X 18 = 169 .pebbles, . they would find that 169 pebbles ' 
could be formed in two squares, one of 144, the other of 
2'5. Further on 625 pebbles could again be arranged in 
two squares of 576 and 49, -and so on.’* 

Thus Thibaut supposes that the Hindus had, starting 
from a greater square, obtained two smaller ones by 
division. Btlrk on the other hand supposes that they 
started more likely from a smaller square and found that 
the new square formed by increasing it was the sum of 
two smaller ones, — the original square and the square 
formed by the added portion. This supposition, indeed, 
tallies more with the procedures found in the Sulba. For 
instance, take the method of construction of the Sam- 
rathacaUra-cit described by Baudhayana. There one has 
to make, as an auxiliary construction, a square with 225 
plus 64 altogether 289 square bricks. Baudhayana says: 

‘VWith these bricks a square is to be formed. The 
side of a square (first formed) comprises sixteen bricks. 
Thirty-three bricks will still remain in excess. With 
them construct the borders (on two sides) completely 
round.” ® 

It will seem strange that instead of being directed to 
construct the whole square at once, we are told to make at 
first a square with 256 bricks and then to place the 
remaining 33 bricks around its two sides. As has been 
rightly pointed out by the commentator, this rule must be 

^ Thibaut, ^ulmsntrast p. 12. 

2 19F4 
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explained by tbe faefc that the process of Gonstruetion 
really began with a square consisting of 4 bricks. Next 
square was constructed by placing 5 squares, along its 
two sides, so that it contained 9 bricks. Proceeding 
thus and placing the additional bricks alternately on the 
north and east sides, and on the south and west sides, 
a square of 256 bricks was constructed without disturbing 
the position of symmetry of the altar about the east- west 
line. But the addition of the remaining 33 bricks 
displaced this symmetry and for this reason perhaps, 
Baudhay ana gave that unusual direction, ^ 

This explanation is, however, immaterial for the 
purpose of our immediate object. It is quite sufficient 
that we have found that a new and larger square 
was used to be formed from another of smaller size by 
adding to it a portion in the form of a gnomon. More 
particularly it is found that a square comprising of 289 
square bricks, 17 on each side, was formed from another 
of 225 bricks, 15 on each side, by the addition of a 
gnomon consisting of 64 square bricks. Thus is obtained 
the rational rectangle 15^ + 8^ = 17®, 



Fi^-70 

The whole process appears in a nutshell in the general 
1 Compare Thibaut, iSulvasMraSt p. 35f, 
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rule" for the enlargemeot of a .square wiiich has been., 
explained before. .It is then simply by noting when, the 
square bricks comprising the gnomon ca.n also be p!a(3e<i 


in the form of a square that the Hindus very likely 
discovered the rational rectangles. As has been suggested 
by Treutiein , ^ and followed by Allman and Heath, 
it was substantially in the same way that Pythagoras 
discovered the rational right-angled triangles which are 
now generally associated with his name. 

The number of rational rectangles employed in the 
jSidba for the purpose of the construction of altars is found 
to be few. It will be fewer still — five only — if we 
consider the independent ones, leaving out the multiples 
or sub -multiples of them. So it will be naturally asked 
were the early Hindus aware of other rational rec- 
tangles? Had they any general rule for finding any 
number of rational rectangles? 

In dealing with these questions, we shall first refer to 
two observations of Ipastamba which appear to imply - an 
answer in the negative. After describing four methods 

1 P. Treutlein, Zeits,f, Matlu u, Phys., xxviii, 1883, Hist.-liU. 
Abtbeilimg, pp. 209 if. 

2 Aliman, Greek Geometry, pp. 30S, 

3 Heath, Euclid, I, p. 3o8. 
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of constructiog the MaMvedi in which use has beea made 
of altogether eight rectangles of which the sides and the 
diagonal are expressible in rational integers, Apastamba 
observes:^ 

Etdvanti jfieydni vedi-viharandni hhavanii. 

Thibaut has the residing vijneydni in the place of jneydni 
given by Biirk and also found in my manuscripts. The 
difference is, however, immaterial. Thibaut translates the 
passage thus, ‘ So many “ cognizable measurements of 
the vedi exist.* ^ Biirk renders it as ‘ There are so many 
'‘recognizable/* (erkennbare) constructions of the vedi/'^ 
and has thus closely followed Thibaut. The latter further 
observes : “ That means : these are the measurements of 
the vedi effected by oblongs, of which the sides and the 
diagonal can be known, i.e,, can be expressed in integral 
numbers.** Biirk is of the same opinion. 

The other observation of Apastamba which we shall 
refer to is 

tdbhirjneydhhiruMam vihamnam 

and it occurs at the end of his enunciation of the theorem 
of the square of the diagonal of a rectangle.'^ Biirk 
renders it thus : “ The construction (in i. 2 and 3) has 

been taught by means of (the application of) these (the 
alisnaydrafju, 'pdrivamdni and tiryahmdnl oi a rectangle) 
— of course by means of such as are “ recognizable ** 
{1,6., which can be expressed in integral numbers).** 

Thus according to the supposition of Thibaut which is 
accepted also by Biirk, the qualifying words jneydni 3i,Tid 
jneydhhih imply only those rectangles of which the sides 
and the diagonal can be expressed in rational integers. 


329 ; liV, p. 560, fn. 3. 




telBAliT ■dEITtCISElr) / lid: 

..This siippositioE is 'doubtless wrong. . 'For in tbe first' 
expression tbe^ word ' I verj . clearly qualifies .’rerK- 
viIiaTa}}dni or “ .the methods of construction of the vedi,*^ 
the wo.rd undoubtedly . relerring ..to the Mahavedi 
mentioned in the foregoing -rules. This is furthe.r 
confirmed by the word eidvanti meaning “ these,'* “ so 
many/* the.' reference being to the four methods of con- 
structing the Mahavedi described by Apastainba. Where 
is then the ground to suppose, as has been done by Thibaut 
and Biirk, that jiieydni implies the rectangles employed 
lor the purpose of those methods ? In the second passage 
the word viharanmp (‘ ■ construction ** or the method of 
constructions **) clearly ^ refers to the methods of cons- 
truction described in the two foregoing rules, viz,^ ApSh 
i, 2 and and the word jneydbhih to the rational rectangles 
used therein. This has been admitted by Biirk also. 
Now the methods referred to are those for the construc- 
tion of squares and rectangles of given sides, and they 
primarily depend upon drawing right-angled triangles 
(or rectangles) having a given side, or more particularly, 
having a side equal to a side of the required figure. The 
sides and the diagonal of the rectangles are stated to be 
(a, 5a/12, 13a/l2) and (a, 3a/4, 5a/4). It is only when 
a is a multiple of 12 (in the first case) or a multiple of 4 
(in the second case) that the sides and the diagonal of the 
rectangles employed for the purpose of the construction 
of altars, will be expressible in rational integers, other- 

^ Compare what Ipastamba says ; uktam “said,” “stated” or 
“ described ; ” meaning that the method of construction has been des- 
cribed before. This can be further confirmed by referring to what 
Ipastamba has written in the rule just preceding the one under dis- 
cussion {i. 3). After stating the dimensions of the sides and the 
diagonal of the rectangle to be used, viz,, (a, 3e/4, 5«/4!), Ipastamba 
observes vydhhydtarv, mhaTammt **, the method of construction has been 
(already) described (in the preceding rule)/” 



PEESUMPTION OF HEATH 


136 

wise not. Indeed in actual practice Apastamba has 
employed four particular cases of the first, vk.\ {2^, 6, 6|), 
i2^, 5, i5^^), (4-K 10, lot) and (Hi, 27, 29i), which have 
fractional sides and diagonals.^ 

Again for the purpose of the construction of altars, 
S-pastaimba has used even such rectangles in which the 
sides and the diagonal cannot be expressed in terms of 
rational numbers.^ So the interpretation of the words 
jneyani and jHeyabhih, as supposed by Thibaut and Biirk, 
is absolutely untenable. 

Having detected that this interpretation is open to 
Such a serious objection, Heath modifies it and says: 
** But the words {etdvanti jneyani, etc.) also imply that 
the theorem of the square of the diagonal is also true 
of other rectangles not of the “recognisable “ kind, that is 
rectangles in which the sides and the diagonal are not 
in the ratio of integers; this is indeed implied by the 
constructions for v'2, V8, etc., up to (c/. ii, 2, 
viii. 5).''^ But he would still presume that the remark 
implies that Apastamba knew of no other rational rec- 
tangles that could be employed. 

Let us next turn to find how the passages in question 
have been explained by the orthodox commentators. 
Amongst them, the most elaborate explanation of the 
expression tabhirjneydbhif, etc. r h found to be that of 
Karavindasvami. According to him, the wovi jneya 
implies that variety of quadrilaterals in which of the sides 
and the diagonal any two being given, the third “ can be 
known with the help of the theorem of the square of 

1 vi. 6-8, vii. 3. 

® supra, p, 121, Eurfeber in two other methods of construc- 
tion Ipastamba has used the isosceles right-angled triangle (or a 
square) a, a^2 ' (ii. 1, is. 3). • 

3 Heath, Eudlid, I, p. 363; 
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the .diagonal; or it denotes the' rectangles 'which .can. he' 
conceited in, mind/' . the 'sides and the diagonsi of . them 
heing expressible in terms of commensurable quantities/ 
The first explanation is given - also by Sundararaja and, the 
alternative one by , Kapardisvami. Sundararaja . is silent 
about the' true import of the word jfieydni in' eMvmiti 
jneymi, etc.. In the opinion o! Karavmdasvimi', and 
Kapardisvami, it implies those rectangles in wliicli the 
sides and the diagonal “ can be known in terms of numbers 
which are rational {Suddhamula, lit. * which are perfect 
roots 0/'^ 

These interpretations appear to me to be as unnatural 
and forced as those of Thibaut and Biirk. Every one of 


^ Karavindasvami writes : 

^ amt i 

m i ^ nrftKcrrrww i Tnwcmm 


Sundararaja says ; 

“ 'stm «rsn, '?rwrfi-fij#3=^5fn%- 

■affijJtt WT ’wfjtsrr 

xn4^: I ^ ?iT^'3 srrfir: — i ” 

Kapardisvami has : 

“ ■a i ” 


2 Karavindasvami says : 

“ ’g'snPr "aig’ sroif^ i ” 

Kapardisvami says; 

! iin g; <inf» r "siTg' smit% wpfii 

«imiii§5W¥n: i i ” 
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these mterpr stations is putting a construction on the text 
which it does not seem to bear. At any rate those inter- 
pretations have been made irrespective of the sense in 
which the words very closely related to jneya have been 
used in the Sulha and of the nature and spirit of these 
■works. .■ 

The question of the rationality or irrationality of the 
sides and the diagonal of the rectangles used in the con- 
struction of altars can arise only when we begin to think 
of them in terms of numerical quantities. But the 
Siilha deals truly with geometrical construction and not 
with numerical calculation. In commenting upon jneya 
from the standpoint of numerical representation, the 
commentators, ancient as well as modern, have fallen into 
an error. ^ 

I think that the word jneya should be explained 
quite diSerentiy. Its literal significance is, as has been 
explicitly stated by the commentators, can be known 
{jndtum sakyate). It comes from the same root jna, as 
the word vijndyate, meaning is known.'' Hence both 
the words should be explained so as to exhibit the same 
relation. Now on many occasions in the Bulba in con- 
nexion with the statements of the measurements of 
altars, the description of the methods of constructing 
them, etc., we find the remark.. Jti..,vijfidy ate, ^ It 
implies, that such and such thing “ is known from the 
ancient holy scriptures." Indeed those things can be 
actually traced therein. I think the word jneya also 
should be explained as implying a reference to the same 
ancient scriptures. Thus the expression tdbhirjneydbhiT, 

^ It is noteworthy that this is one of the arguments applied by 
Biirk against the interpretation of Sandararaja. 

For instance see B3lt I. 60, 71, 76, 79, etc, ; iv. 1, 3, 0 ; 

v. 1, 8, 10; viii. 1, 4, 7^ etc. 
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etc., meaBs the method of constructioa (of, the altars) 

' haS' been described by means of those rectangles that can 
be known (from the ancient scriptures)/' The other 
y : expression etavanii jneydni, etc.,, will then mean these 

: only are the methods of construction of the (Makd-)vedi 
which can be known (from the ancient scriptures)/* 

We shall now take up the question whether the 
f ancient Hindus had any general method of finding 

^ rational triangles. Of course there is not found in the 

Bulba any rule devoted particularly to the definition of 
such a method. So whatever we shall say on the point 
will consequently be by way of inference, more or less 
conjectural. However there are good reasons to believe 
that the Hindus knew of general formulas for finding 
rational rectangles. 

We have already pointed out how the ancient Hindus 
presumably discovered the rational rectangles which are 
found in the Bulba by noting when the square bricks 
i comprising the gnomon added to a square might them- 

I selves be arranged again in the form of a square. 

Observing that the gnomon of one square brick depth put 
round a square formed with such bricks, consists of 
2n-f 1 bricks, they would have only to make a square with 
I 2n + l bricks.^ 

I If we suppose that 2nH-l = 

^ we obtain n = 1) ; 

and therefore + l = i(?n-^ + l). 

It follows that 

” +(:-2— )“Vt— j- - 

This formula follows, indeed, more directly from a 
special rule of Katyayana for finding the sum of a number 
of equal squares. If n be the number of equal squares of 

^ Compare Mulleri loo, cffc., pp. 202 f. 
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sides equal to a each to be combined into one, tliee, the 
rule, sayst 

3 /w + l\2 2 /n-l\^ 3 

Putting for n, we get 

no, /W^ — IV 2 + 3 f'L 

^ ^ V"“l — • - (A) 

In particular, taking a = 1, we get at once the formula (xA). 
If the sides and the diagonal of the rectangles are to be 
integral as well as rational, m must be odd. 

With the help of this formula would be obtained the 
following rational rectangles mentioned in the Sulba: 
(3, 4, 5), (5, 12, 13) and (7, 24, 25). Indeed it will give 
all those rational rectangles in which the difiference 
between the greater side and the diagonal is 1. 

There are also found other rational rectangles, 

(8, 16, 17) and (12, 35, 37), which could not be obtained 
from the formula (A). The characteristic of them is 
that the difference between the greater side and the 
diagonal is 2. They could be obtained from the formula 

(2 m) ^ + (m^ — 1)^ = + ... (B) 

which is derivable from (A) by doubling the side of each 

square or from (A) by putting a =2. But they were more 
likely obtained first by observing when the gnomon of two 
square bricks of breadth put round a square, could be 
rearranged in the form of a square. If the original square 
contain bricks, the gnomon will consist of 4n-f4 bricks. 

If we suppose that 4^^*f 4 = w^, 

we obtain n == — 4) ; 


and therefore n 4- 2 + 4) . 
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: . It follows that , 

Substituting 2m £o.r w in this, we easily obfiain the 
formula (B). 

Proceeding in the same way they could deduce from 
the general rule for the enlargement of a square, a still 
general formula for finding rational rectangles. It has 
been stated in that rule that the gnomon oi n bricks 
depth put round a square of bricks will contain 
+ bricks. Supposing 

2pn + 7i^ = m^, 

we obtain p = (m^— n^); 

juTl 

JiVf 

It follows that 


+ 


/ / m®4-n® \2 

V”ar“ ; . , ^ ^ j. 


or 


2n / \ : 2n 

(2mn)^ + (m^— n^) = 


(C) 


where m, n are any two rational integers. 

This formula follows also from the method of the 
transformation of a rectangle into a square, which is 
commonly found in all the works on the Bulba, If p, q 
foe the length and breadth of the rectangle to be 
transformed, it has been stated that the equivalent 
square will be given by the difference of the two squares 
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Substitutiiig for p, q respectively, we get 

+ (^Eip^y = ( ... (O') 

Proelus (450 A.D.) has attributed the formula (A) to 
Pythagoras (c, 640 B.C.). and the formula (B) to Plato 
(c. 375 B.C.). The formula (0) or (CO follows from 
Euolid^s ElementB, II. 6. 

The early Hindus recognised that fresh rational rec- 
tangles can be derived from a known one by multiplying 
or dividing its sides and diagonal by any rational quantity. 
In other words, they found that if (p, g, r) be a rectangle, 
so that 

then another will be (^p, Iqt Ir), where I is any rational 
number, integral or fractional. Apasfeamba has, indeed, 
derived certain new rational rectangles in the same 
way. He has, however, put the result thus : ^ 

If + 

then (a -h no) ® 4- (S + n/3) ^ = ( 74 - ny )^ , 

where n is an arbitrary rational number. 

The rational rectangle (15, 86, 39) perhaps deserves 
more than a passing notice. It could of course be derived 
from the rational rectangle (5, 12, 13) by multiplying its 
sides and diagonal by 3. This relation has, indeed, been 
expressly admitted by Apastamba.^ But it was probably 
obtained first independently, thinks Biirk,^ as an instance 
of a rational rectangle in which the diference between 
the greater side and the diagonal would be 3. This will 
probably account for Baudhayana's enumerating it 
separately along with (5, 12, 18). The early Hindus, 

^ V. 3-4. 

® ApBlf v. 4. 

3 ZDMa,liV, p.B71. 
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particularly tliose belonging to the Apastamba .school, 
appear, however, to have special regard for the rational 
rectangle (15,36,89). So the method, of constructing 
several vedis has been described in the ^ulba. of this 
school with particular reference to this rectangle. For 
Instance, take- the case of the NirudkapaSubandMa-t^^^^ 

It is of the shape -of an isosceles- "trapezium .whose 
measurements are known from the ■ ancient scriptures- 
to be: face = the yoke of a cart (=86 angulis); altitude'^ 
the pole (=188 angulis) and base = the axle of the cart 
(= 104 angulis).^ As regards the process of its con- 
struction, Apastamba says : 

** This has been described (in connexion with the 
construction of the Saumiki-vedi) by means of one cord. 
Having taken it by the mark at 15, fix the two western 
corners by means of half the axle and the eastern 
comers by means of half the yoke.”'^ 

Here it is clear that the altitude (=188 angulis) of the 
vedi is supposed to be divided into 36 parts, so that one 
part will be equal to 5| angulis. On taking this for a new 
unit of pada or prakrama, in terms of it the altitude of 
the Nirudhapaiubandha-vedi will contain 36 padas or pra- 
kramas. So the rational rectangle (15, 36, 39) can be 
applied to construct it, as in the Method I, page 64 
(Fig. 28). The spatial magnitudes of the rational rect- 
angle employed will truly be (78j', 188, 203|j in terms 
of the usual unit anguli. But by supposing the unit to 
be one of 5| angulis, Apastamba represents it as 
(15, 36, 39). Similarly in constructing several other 
altars, by a suitable change of the length of the unit of 
linear measure, Apastamba always represents the sides and 
the diagonal of the rational rectangle employed by (15, 36, 

^ JpSlf vi. 3, 5 1 vii. 3. 7 f . 
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39),.^ Actually they are particular cases of the rectangle 
(a, 5a/12j 13(i/l2), a being the length of the altitude of 
the vedi under construction. 

Now it will be very naturally asked, why this preferen- 
tial liking for the particular rational rectangle 
39), on the part of Apastamba? The true answer will 
be. not simply because, as Biirk seems to think, that 
the construction of the most important vedi, namely the 
Mahdvedi or the Saumiki-vedi, depended on it. For 
Apastamba has described as many as four methods for 
the construction of the same vedi. But also because 
it was employed in the most ancient method of 
constructing the Mahdzjedz and so had acquired a special 
sanctity by a long scriptural tradition. We have also 
seen the similar orthodox predilection of Apastamba for 
the primitive methods of high scriptural antiquity in the 
matter of the construction of the Caiurasra-syeiiacit by 
means of the bamboo-rod. 

Now tracing the early history of the rational rectangle 
(15, 36, 39), we find it first in the Taittirlya 
Samhitd (c. 3000 B.C.)^ in connexion with the Mahdvedi, 
It has then reappeared in the Kdthaha Samhitd/* 
Maitrayani Samhitd/ Kajoisthala Samhitd/ and Saia^ 
'patha Brdhmana/ It should perhaps be noted that in 
these works only the sides (15, 36) have been expressly 
mentioned, bub not the diagonal 89. This non-mention 
of the diagonal has led some modern writers to suspect if 
the property 15^ + 362 = 39^ was at all known in the time 

1 A'pSl^ vi, 6-8. 

2 TS, vi. 2. 4. 5. 

3 KtS, xxY. 4. 

^ MaiSt iii. 8. 4. 

5 KapS, xxxviii. 6. 

6 iii. 5. 1. Iff. ; X. 2. 3. 4. 


KNOWN IN THE SAMHITi' AND BRAHMAf A . 139 

oi/the Samhitd md Brdhryiana^ But such a suspicion, 
seems to be quite unwarranted. , For even in later times 
Baodhayana has not mentioned the diagonal of the ration- 
al , rectangles enumerated by him. From a thorough 
discussion of the point, Biirk -concludes : “After all these 
no. doubt, can exist regarding the fact that the rational 
right-angled triangle with perpendicular sides 15 and 36 
was really Imown. in the time of the Taittlfiija Santhtid 
and the Satapatha Brdhmam and was employed in the 
construction of the 8aumilfi-t)edi as in the Apastamba 
Siilha Stitra v. 1 and 2.“ ^ Such was also the opinion of 
Cantor. Their conclusion will be further corroborated by 
w’hat has been shown just above about the special sanctity 
acquired by this rational rectangle amongst the followers 
of the Apastamba school. Our interpretation of the 
word jneydbhih occurring at the end of Apastamba's 
enunciation of the theorem of the square of the diagonal 
of a rectangle (pp. 132 f.) also will lead one strongly to the 
same conclusion. 

^ For instance, see Keith, Journ, Roy> Asiat, Soc», 1909, pp. 590 L ; 
1910, pp. 519 t 

3 ZDMG, hY; pp. 555 f. 

3 Cantor, Geschichte, I, pp. 598 ff. 
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Squaring THE CiEGiiE 
To transform a square into a circle . 

Baudhayana says : 

* * If you wish to circle a square, draw half its diagonal 
about the centre towards the east- west line ; then de- 
scribe a circle together with the one-third of that which 
lies outside (the square)/’ ^ 

The same method has been taught also by Apastamba ^ 
and Katyayana.® 





Let A BCD be a square and 0 its central point. Join 
OA, With centre 0 and radius OA describe a circle in- 
tersecting the east-west line EW at E, Divide EM at P 
such that PM = EM/8. Then with centre 0 and radius 

wm l h 58. 

m I i i 

ApSly iii, 2. 
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OP describe a circle. This circle will be, Bearly equal in 
area to the given square AB CD. 

Let 2a denote a side of the given square and r the 
radios of the circle equivalent to it; that Is, iiB==2a; 
0?=r. , Then 

OA. " a v^2, 

and ME = {V2 - l)a. 

Hence r = a+ 1 (\^2 - 1), 


= I (2 + V2). 

Now according to the Sulba,^ 


V2 = 1 + |-+ ^ 


1 

a.4.34 


408 ’ 

= 1-4142156... 

Therefore r = ax 1*1880718... 

The area of the transformed circle, employ ing the value 
7r=:B*14l69, will be 4*068987 xa^ whereas the area of the 
given square is 4a®. Hence the former result is too large. 
On the degree of equivalence of the area of the given 
square and of the circle into which it is transformed by 
the above rule, there is a noteworthy observation of Apas- 
tamba. He remarks, 

Bdnitya mandalarri :ydvaddhiyate idvaddgantu.^ 
According to the commentator Kapardisvtoi, the first 
word of this passage is a conjoint compound of the two 
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words ":sw and anitya. So that the above should be ren- 
dered asj “ It is an inexact (anityd) (method of construc- 
tion) ; by as much the circle falls short, so much comes 
in. He has been followed in this respect by Sundararaja. 
But the commentator Karavindasvami thinks that the 
correct reading of the passage will be sd nityd mandalam^ 
etc. According to this reading, the observation appears 
to imply that the method of construction is an exact 
(nityd) one. But this commentator further thinks that 
the method has been called “ exact ’’ in a relative sense 
inasmuch as it yields a result more accurate than that 
obtained by any other method of circling the square 
known in the Apastamba school. So he too finally comes 
to the same point of view as that Kapardisvami and 
Sundararaja. 

Thibaut accepts as correct the i:6ading of the text as 
given by Karavindasvami but has discarded his further 
explanation of the matter. So he renders the passage as : 
“ this line gives a circle exactly as large as the square ; 
for as much as there is cut ofi from the square {viz,, the 
corners of the square), quite as much is added to it {viz,, 
the segments of the circle, lying outside the square)/'^ 
Biirk has closely followed Thibaut in this respect. The 
interpretation of Kapardisvami has been criticised by 
Thibaut thus : But I am afraid we should not be justi- 

fied in giving to Apastamba the benefit of this explanation. 
The words * yavaddhiyate, etc.' seem to indicate that he 
was perfectly satisfied with the accuracy of his method and 
not superior, in this point, to so many circle-squarers of 
later times. The commentator who, with the mathemati- 
cal knowledge of his time, knew that the rule was an im- 
perfect one, preferred very naturally the interpretation 


J Thibaut, $ulhm^tras, y, 26. 
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wMcli was more creditable to his author/.'^ Kap.ardls?ami 
explains, that the remark ydimddhiyate^ etc,, implies '.'Oiily; 
a nearer approximation but not exact equality, ■ 

Now it may be pointed out that a similar remark, viz,, 
e sanity d caturasTa-lmram 

has been made by Apastamba as regards Ms method for 
squaring the circle and which has been delivered by him 
immediately following the above one.^ The same remark 
is found also in the corresponding rule of Baudhriyana.*" 
Here Thibaut entirely agrees with the commentators in 
breaking up the first word esdnityd into em anityd. But 
Biirk falls out from him and takes the reading to be esd 
nityd caturasra-haranh Thus he has kept up the consis- 
tency of his opinion. 

It is truly very difficult to conjecture now correctly 
what was really implied by Apastamba by that remark, 
whether he held that method of circling a square was an 
exact or an inexact one. We may be, however, sure to this 
exent that the interpretation of the orthodox commenta- 
tors cannot be brushed aside as unlikely as is supposed by 
Thibaut. 

To iransjotm a circU inio a square. 

B audhay ana says : 

“ If you wish to square a circle, divide its diameter 
into eight parts ; then divide one part into twenty-nine 
parts and leave out twenty-eight of these ; and also the 
sixth part (of the preceding sub-clivision) less the eighth 
part (of the last).*' ^ 

1 Ibid, p. 27. 

^ AfSl, iii. 3. , 

3 BSl, i. 60. 

* * ssst 
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Thus if 2a denote the side of a square equivalent to 
a circle of diameter d, then 


2a = ^ + 

O 


~d _ r 28 d . f d _ d Wl 

8 ”^8.29 V 8.29.6 " 8.29.6.8 /JJ 


or 2a = d — ~ + 

8 8.29 


8.29 


( 5 - -k) 


Siace d = 2r, where r is the radius of the oircle, 

T 


a 


8 8.29 


+ 


8.29.6 ■ 8.29.6.8' 

This result was probably obtained from the previous 
one by inversion 


r = I (2 + V2). 


Therefore 


2a 


3 


2 


d. 


Substituting the value of V'2, '577/408, we have 

1224 ^ 


2a 


1393 


Thibaut supposes that Baud hay ana then proceeded in 
the following way: ‘‘ One-eighth of 1393 = 174| ; this 
multiplied by 7 = 1218!. Difference between 1218| and 
1224 = 5!* Dividing 174 {Baudhayana takes 174 in- 
stead of 174|, neglecting the fraction as either insignificant 
or, more likely, as inconvenient) by 29 we get 6 ; sub- 
tracting from 6 its sixth part we get 5 and adding to this 
the eighth part of the sixth part of six, we get 5^, In 
other words : 


1224 = ? Hh 

8 8.29 


8.29.6 8.29.6.8 

(due allowance made for the neglected | ^ 

^ Hhihmt; SulbasMraSt p. 28. 
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OP CANTOR AND MULLER 

In the opinion of Cantor the series was probably 
obtained thus : * 

1224 _ 7 1 _ 1 1 41 

1393 8 8,29 8.29.6 ^ 8.29.6.8 ~ 8.29.6.8.1393 

The last term is nearly gV of the term preceding it and 
so may be neglected as being comparatively small. 
Hence, we get 

2a= "li + ^ + i_ • 

8 8.29 8.29.6 8.29.6.8 


Muller conjectures the procedure adopted to have 
been as follows 


2a 


3 j 3v'2 ,_3 ^2 , 

2+V2 2V2 + 2 2‘1+V2’ 


3 17-1/34 _ 51-3/34 

2 • 29-1/34 58-2/34’ 


since 



1 

12.34 ■ 


Now 


51-3/34 _ 7 + 1/34 

58-2/34 58-2/34' 


7 + 1/34 _ 1 56 + 8/34 _ 1 / j _ 2-10/34\ 
58-2/34 8 ‘ 58-2/34 8 V. “ 58-2/34/ ’ 

2-10/34 _ 1 2-10/34 _1 _ 10/34-2/34.29 V 

58 - 2/34 29' 2 - 2/34.29 29\ 2-2/34.29/ 


10/34-2/34.29 _ 5-1/29 _ 1 30-6/29 

'2-2/34.29 34-1/29 6 ' 34-1/29’ 

■ " ^ T ■ 4+5/29/ :/\/ +:;i: 

1 Cantor, Qesehichte, I ,p. 643. 

2 C. Mailer, loe. cit., pp. 187 f. 
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4 + 5/29 _ 1 82 + 40/29 - L( i - 

“LTirT/oQ fi “ 34 — 1/29 8 \ 


34-17^ “ 8 34-1/29 

Thus we ha¥e 

B ^ 1 

2 + y 2 ^ 8 8.29 


2-41/29 y 
34-1/29 J’ 


8.29 \6 6.8 / 


1 2-41/29 

8.29.6.8 ’ 34-1/29' 


term may be neglected as being too small. 


The last term may 
Hence 

2a = d - + g 29 


8.29 


P--— V 

V 6 6.8 / 


Alternative Method. 

Another method of squaring a circle has been taught 
by Baudhayana, Apastamba and Katyayana. It has 
been explicitly admitted by all of them that this method 

yields only a gross {anitya) value. 

“ Or else divide (the diameter) into fifteen parts and 
remove two (of them). This is the gross (value of a) side 
of the (equivalent) square. 

That is to say, 

2 ... 

2(1 -- 

2 

or, a - r jg r. 

The rationale of this formula seems to be this : ® Draw 
the square ABCD circumscribing the circle and also the 
square A'B'O'D' inscribed within it. 


1 i* ApSl, iii. 3 ; iii. 14. 

2 Compare MuHer, toe. ciL^ p. 182. 
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Then apparentiy^ the area of the circle will be smaller 
than the area of the square ABGD ( = 4r‘^) and greater 
than the area of the square A^B'C^D^ ( = 2/*-) ; that is 

4r^ > Area of the circle > 2r^, 

An obvious approximation will be 

4y2 + 

Area of the circle = — ~ 

If 2a denote a side of the square equivalent in area to 
the circle, we shall have approximately 

4^2 =: 3r^, 

or, Y 

But, it will be shown later on^ 

2 1 26 
+ 15- Mr,. 

up to the second order of approximation. Therefore 
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Dv(iTakanaiha*s Oonections. 

■' Dvarakanatha Yajva has criticised with the' help of 
specific examples the Sulba method of squaring a circle 
and its converse, as yielding only approximate results. He 
has then proposed the following corrections to the ancient 
formulae : ^ 

(i) T=^a + I (a/2 - ). 



By the formula (z) the area of the transformed circle 
will be nearly equal to 4*000344 x a^, the value of tt being 
taken to be 3*14159. 

Value of 7r,.j 

The above rules of the Bulba for squaring a circle and 
vice veTsdi will work out the following values of tt : 


( 1 ) 

( 2 ) 

(3) 




1 

8.29 8.29.6 


1 


8.29.'6.8J 


3*0885 

TT = 4(1 - = 3*004. 


It will be noticed that none of these values are fairly 
accurate, as according to modern calculation n'=:3-i4159... 


i Pmdiu OkS., Voi. X, p. 21. 
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EARLY . HISTOBY 

In one/lnsfcance , Baudhayana^- has employed .the . value 
,pf,. 7r=:8., , A better , value of .- m found in ibe Mmmv a 
which states that a square of two by, .two .cubits 
is equivalent to a circle nf radius 1 cubit' and 3 angulis.^ 
Whence 

(4)' , 5r ==;41|)^' = 3.d604^ 

This value was given ' ..before. ■ by the 'Egyptian Ahmes 
(c. MOO B.G.). With. Dvarakanatha^s corrections .we 
.have . 

4 7 118 \2 

( TT7" ) = 3-141109... ■ 

1+1 (^2 1) I VIl ^/ 

Co 3 





1 1 \ 2 

8 . 29.6 ■'‘ 8729 : 6 . 8 "; 

1 V V 

2 ■ 13 3 ; 


= 3 - 157991 ... 


EaHy History, 

It will be interesting to know the early history of the 
problem of the squaring of the circle and of its converse, 
the circling of the square, in India. Their origin dates, 
as has been noted before, earlier than the time of the 
Rg-veda (before 3000 B.C.). That was in connection 
with the construction of the three primarily essential 
sacrificial altars of the 'Vedie Hindus, namely the Gdrha- 
patya, Ahavaniya md Dalisindgni, For these three 
altars had to be of the same area but of different shape, 
the first circular, the second square and the last semi- 
circular. Again, it has also been noted before, that 
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Gdrhapatya altar may have, according to certain 
authorities, an alternative shape of a square, besides its 
usual circular shape, but retaining the same area. The 
earliest express reference to this tradition is found in 
the ^atapatha Brahmana (c. 2000 It appears 

copiously in the Sutra works. ^ From the latter we also 
learn of another ancient tradition that the DMsnya^ may 
be square or circular in shape but with the same area 
one square pfsila. The form of an archaic variety of the 
^masdna-Git (‘* Fire-altar of the shape of the cemetery 
is stated to be circular, according to some peoples and 
square according to others. As regards its size, the 
Satapatha Brahmana, after referring to the earlier opinions, 
preferably approves of an area of one square purusa.^ 
Further instances of the early applications of the above 
problems are found in the Taittinya mi other Bamhitd (o* 
3000 B.O.)^ in connexion with the construction of Eatha- 
cahra’^oiti 8amuhya-cit, Paricayya-cit and Drona’Cit (alter- 
native shape). In each of these cases, one has to draw 
at first a square equal in area to that of the primitive 
Byena-cit^ vk., 7^ square purusas and then that square 
has to be circled.® This has been clearly described by 
Baudhayana'^ and Apastamba® and it was doubtless so 


1 SBr, vii. 1. 1. 37. 

2 ii. 61-3; ApiSr, xvi. 14. 1; ApSl, vii, 5-6. 

^ ii. 73; Ap^r, xvii. 21. 5; ApSl, vii. 12-3; compare also 
B^r, vi. 26, 29. 

^ SBt, xiii. 8. 1. 

5 TS, V, 5. 4. 11. 2. 

6 In case of the Drona-cit, one-tenth of the transformed square 
is first deducted and the remaining rectangular portion is transformed 
again into a square and then circled. 

7 BSf, xvii. 29 ; BSl, iii. 183. 



EARLY HISTORY 


161 


before.^ We occasionally meet with other instances of 
this kind in the earlier Hindu works. ^ 

' Biirk has observed : “I shall only emphasize the fact 
that the Indians must have understood really in the 
time of the Taittinya Samhitd, how to solve the problem 
of the cirolmg, of the square {olthough on very primitive 
methods). 


1 Compare aho Biirk, ZDMG, LV, p. 548. 

2 xvi. 4. 7. 

3 ZDMC, LV,p. 548. 
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Similar Figures 

Ifc has been observed before that in the sacrificial 
rituals of the early Hindus it is oftentimes necessary to 
construct an altar difiering in area from another by a 
specified amount. For instance, the Sautmmanikl-vedi is 
stated to be equal to one-third of the Mahdvedi ^ and the 
vedi of the Asvamedha double the latter. ® The 
homa-vedi wid Kotihoma~v 6 di are respectively four and 
twenty-five times the Pdhaydjfiihi-vedi,^ Again it is said 
that the primitive Fire- altar, Catm^asra-Syenacit, should 
have an area of seven and a half square purusas at the 
time of the first construction. At the second construction 
its area shall have to be 8| square purusas; at the third 9| 
square purusas. Tn the same manner the area of the Agni 
should be increased by one square purusa at each succes- 
sive construction up to 101^ square purusas. The earliest 
reference to this mode of increment of the as has 

been stated before, is found in the Saiapatha BrdhmanaA 
And the practice continued during the succeeding 
ages.® Now it is the strict injunction of the 
that the primitive shape of the Fire-altar must not be 
disturbed during the course of successive constructions.^ 

1 BSl, i. 85 ; IpSl^ v. 8, 9; KSr, xix. 2.2; KSlf ii. 19. 

2 ApSlt y, 10; Ap^r, XX. ^,1, 

3 MaSl, ii. 6. 

4 SBr, X. 2. 3. 6ff. ' ’ 

5 B^h ii. 1 ff. ; ApSr, xvi. 17. 16. 16; ApSl, viii. 3, 4; KSl, v. 1 ff. 

6 Compare what iLpastamba remarks : “A change in the form of 
the Ag7ii would be against the injunction of the ^ruti/' (ApBl, viii. 6.) 
AccoiAixxg^o datapath a Brahmanat those who deprive the Agni of its 
due proportions, will suffer the worse for sacriffoing (x. 2. 3. 7). 
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OoQseqaeaijiy in the science of , the aitar-eonstractioa 
there arose the necessity of constructing similar figures.. 

Now the shape of the Mahavedi is that of an isosceles 
trapezium whose altitude is 36 prakrama (or pada)^ face 
24: prakrama (or pada) and base 80 pvakmma {or pada). 
Hence the 8autrdmaniki~vedi and the vedi of Aivam&dha 
will be of the shapes of isosceles trapeziums similar to it 
but in size one-third and double of it respectively. Thus 
we have the two following propositions : 

{i) To construct an isosceles trapezium similar to a given 
isosceles trapezium hut loith a third part of its area. 

Construct an isosceles trapezium, says Apastamba, in 
the same way as the given isosceles trapezium {Mahavedi) 
but ** with 1/ 3 of a prakrama being substituted for a 

prakrama therein; or with 8 and 10 times V3 as the trans- 
verse sides and 12 times V3 as the east-west line/* ^ 
This will be the required isosceles trapezium {8autfdmani-> 
kl-vedi). 

For the area of the constructed figure 

36 1 24 . 80 ^ 

~ x/a 2 W3 V3 /’ 

== X 18 X 54 = 324 square purusas ; 

or = 12v^3 X 4 (8 a/B 4- 10 V^3 ), 

= 324 square purusas. 

Thus it is equal to one-third of the area of the given 
isosceles trapezium, which comprises 972 square purusas. 
The same construction is suggested also by Katyayana,^ 

1 IpSh V. 8. 


20 
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SIMILAR FIRE-ALTARS 


(it) To oonstmot an isosceles irapezium similar to a 
given isosceles trapezium but imih double its area. 

The method of constructioE of the new isosceles 
trapezium will be the same, says Apastamba, as that of 
the given isosceles trapezium but here ‘'a/ 2 of a prakrama 
should be taken in the place of a prakrama therein/* ^ 

That is taught also by Baudhayana.^ Then the area 
of the new figure will be 

= 36a/2x-| (24 a/2 + SO a/ 2) square purusas, 
= 1944 square purusas. 

Hence it is double the size of the given trapezium {Maha- 
vedi). 

It is thus clear that the principle underlying the early 
Hindu method of construction of an isosceles trapezium 
similar to a given one but of n times the size of it, n 
being integral or fractional, is practically the same as that 
of the given one, only the unit of measurement of the 
latter being replaced by another Vn times it. ^ This 
principle they adopted systematically for the construc- 
tion of similar figures of more complicated shapes, even 
when the change in the size does not bear a simple relation 
to the size of the given figure. Thus arose the proposition: 

To construct a Fire-altar similar to that of the shape of 
a falcon, but differing from its primitive area of square 
purusas by m square purusas^ 

Baudhayana gives the following solution of this propo- 
sition : 

'' Divide that which is to be the difierence from the 
original (given) size of the altar into 15 equal parts; add 

1 Ap3l, vi. 1* 

2 BSff xxvL 10. 

3 Compare s, 19.; 
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to each of the (constituent) portions {vidha, that is, units) 
of the given figure two of these parts. Then construet 
a figure (in the same way as the given one) with 7-| of 
these (altered) units/* ^ 

The geometrical operations to be followed in this 
method of construction are shortly these : ^ At first 
is drawn a square of an area equal to m square purusas. 
It is then divided into 15 equal parts. This may be done 
either by dividing one side of the square into 15 equal 
parts and then drawing lines parallel to the perpendicular 
sides, or by dividing one side into 3 parts and a perpendi- 
cular side into 5 parts and then drawing parallels. Two 
of the rectangular portions are then combined into a 
square and to that is again added a unit square purusa so 
as to form a third square. A side of this resulting square 
will be easily found to be Vl 4* 2m 1 15 purusas long. 
With this length as the unit, construct an altar in the 
same way as the original falcon-shaped altar. This will 
be the required figure. For its area will be 

7|- X 1 + ^ or ^ 7-1 + mj 

square purusas and its shape will be clearly similar to 
that of the given figure. 

A similar method is taught briefiy by Apastamba: 

‘‘ For the eight- and other-fold AgniSy that by which it 
differs from the area of the seven-fold (Agni)^ should be 
divided seven (and a half) ; then one part should be 
added to each (original) purusa.** ^ 

‘ ‘ For the purpose of adding parts (in purusa) to the 
(seven-fold) Agni together with its wings and tail, take 

2 Compare also Thibaufc’s notes on the above. 

3 IpiSI, viii. 6. , 
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for the (new) purusa, the (original) purusa increased by 

the seventli-f old producer of the increment. Then con* 
struct (in the same way as before)/' ^ 

The method has been explained more fully by 
Katyayana. His procedure is, however, slightly different 
from that of other writers. Katyayana says : 

For the purpose of adding a square purusa (to the 
original falcon -shaped Agni), construct a square equivalent 
(in area) to the original Agni together with its wings and 
tail; add to it a square of one purusa. Divide thesum (i.e. 
the resulting square) into fifteen parts and combine two 
of these parts into a square. This will be the (new) unit 
of square purusa (for the construction of the required 
enlarged figure).'' ® 

In other words the enlarged square unit is 

+ or 14.|. 

Or the new increased unit will be obtained thus, says 
Katyayana: 

“ Divide a square of one purusa into five parts both 
ways (by lines drawn cross-wise) ; combine five of the 
resulting elementary parts into a square; subtract from 
the sum one-third of it; add the remainder to one square 
purusa. This is another method (of determining the 
enlarged square unit).'" ^ 

1 lUdj ix. 5. Note the difference between the commentators an i 

Biiik about the correct interpretation of these two rules of Ipaatamba. 
I tbink on the whole the orthodox interpretation to be more fair and 
consistent with the intention of the Tor any other interpretation 

would disturb the similarity of the altar at successive constructions 
which is expressly forbidden.^ ^ ^ ^ 

2 KSh V. 4. 

3 m, V. 6. 
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That is, the enlarged square unit is 


( i 5 \ 

V5X5 3 ’5x5 7 


or 



square purusas. He gives a still third method: 

Or divide a square of one purusa into seven parts 
both ways (by lines drawn cross- wise) ; combine seven of 
the (resulting elementary) parts into areotangle, subtract 
from the sum (a reotangle) 1-| ahgulis by one purusa. 
Add the remainder to one square purusa. This is another 
method/’ i 

Thus it follows that the increased square unit will be 


^ (7x7 120 ) “ ^ J 

square purusas, as before. 

If the number of square purusas (m) to be added to 
the original area of the Agni (7-| square purusas), be an 
exact multiple or submultipie of it, the geometrical 
operations are much simplified. For if where 

n may be integral as well as fractional, then the length 
of the new unit will be easily obtained to be equal to 
Vl+n purusa. Thus it is the (l+?i)th kamm of a purusa, 
as has been stated by ail the Sulbaharas. 

This kind of increment is called sawdhhydsa (or ‘‘ the 
increment by the whole ”) in contradistinction to the 
other which is called 'purusdhhydsa (or the increment 
by purusa ”).^ 

1 KiSl, T. 8. 

2 Y. 2, 3. These terms are sometimes use<2 also in a different 
sense. According to it the first term signifies the increment of all 
the parts of the Agni and the second only that of the complete purn§as 
in the body, wings and the tail, bnt not the two aratais and the pradesa 

sxi. 7, 10; V. 4). 
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The above principle of the enlargement of a or 

an Agni hj increasing the length of the unit of measure 

but without altering the numbers representing the 
spatial magnitudes, so as to keep the form similar to 
the original one, is found as early as the Satapatha' 
Brahmm^a [c, 2000 B.O.). It says, as large as the 
(is to be made), so large (should be made) its units 
of measure; and by so much one measures it in the 
same way (as before)/' ^ To construct a Fair 14 or 

14|- times as large as iliQ Mahavedi, and which will be 

similar to it, this Brdhmana says : 

“As much this vedi of the seven-fold Fire -altar is, 
making fourteen times, so much, one measures the vedd 
of 101-fold. Or then he measures (by means of) a cord 36 
prakramas long ; folds it into 7 equal parts; of these three 
parts he adds to the east- west line and throws out 4, Then 
he measures 30 prakramas; fdlds them into 7 equal parts; 
of these three parts he adds to the hind (transverse line) 
and throws out 4. Then he measures 21 prakramas; 
folds them into 7 parts; of these 3 parts he adds to the 
front (transverse line) and throws off 4. This, then, is 
the alternative measurement of the (enlarged) Vedi.’^ ® 

Here two methods are to be discerned. According to 
one, it is required to construct a vedi 14 times as much 
while according to the other 14f times as much.^ The 
operations implied are doubtless as follows : * The altar- 

1 SBr, X. 2. 1.3, 11. 

2 Ibid, s. 2. 3. 7-10. 

3 That is, the Maliavedi on which the primitive Fire -altar is raised, 
is enlarged in proportion to the size of the latter. jSTow there are two 
opinions {vide infra) as regards the method of construction of the 
maximum Fire-altar. According to one the latter becomes 14 times 
the Sapta-vidlia Agni, while according to the other 14f times. The 
Mahavedi is enlarged in the two schools accordingly. 

4 Eggeling’s explanation {SBWt "Vol. XLIII, pp. 310-311, footnotes) 
is obviously erroneous. That will make the vedi too great. 
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builder should at first construct a square of sides 36 
prakramas each. Fourteen such squares should be com- 
bined into a large square. A side of the resulting 
square, which is clearly equal to 36 a/M* prakramas, 
is taken for the east-west line. Or otherwise a smaller 
square should be divided into the 7 equal rectangular 
portions by drawing lines parallel to a side of the 
square ; the rectangle comprising three of these 
strips should be transformed into a square and 
then combined with the former larger square. A side of 
the resulting square, which will be easily recognised to be 
equal to 36A/14f- prakramas, is taken for the east-west 
line of the enlarged ucdi to be constructed. By the same 
kind of operations, the face of the new vedi is obtained 
to be 24Vl4f prakramas and its base 80 A/14f , So that 
the size of the new vedi will be 14| times that of the 
Mahavedi and its shape similar to that of the latter. 

The following method has been taught for the con- 
struction of a falcon-shaped Fire-altar, 14 or 14-f times 
as large as the primitive one and similar to it. 

“ How the construction of (the enlarged forms of) the 
Agni: Twenty-eight (square) purusas are in front and 
twenty-eight (square) purusas behind; this is the body 
(of the Agni), Fourteen (square) purusas form the 
southern wing; fourteen the northern wing and fourteen 
the tail. Fourteen aratnis (meaning, a length equal to the 
side of a square comprising fourteen square aratnis (i.e., 
A/i4 aratnis) is added to the southern wing; fourteen arat- 
nis to the northern wing; and fourteen vitastis (meaning, 
a length equal to the side of a square of fourteen square 
vitastis, i.e-, a/ 14 vitastis) to, tfao tail. This is the measure- 
ment of (the Agni of) 98 square purusas with a little excess 
(due to the increment of the wings and the tail). Or again 
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he measures (by meaBs of) a cord three purosas; folds it 
iuto seven (equal) parts; of them four parts he adds to the 
body and three to the wings and tail. Then he measures 
an aratni; folds it into seven parts; of them three parts he 
adds to the southern wing, three to the northern wing 
and throws off one, Then he measures a vitasti; folds 
it into seven parts; of them three parts he adds to the 
tail and throws out four. Thus is constructed the 101-fold 
{Agni) and it corresponds with the vedi of this/' ^ 

The geometrical operations intended to be performed 
in this case are similar to those indicated in the previous 
case. Here also are to be discerned two methods for the 
construction of the Agni or the Fire-altar 

of 101 square purusas. According to the first method 
each unit of measure is ^14 times the unit of measure 
employed in the construction of the primitive Fire-altar 
of square purusas, while according to the other, prob- 
ably the more ancient one, it will be \/14f' times. Though 
the principle of similarity of shapes is perfectly main' 
tained in either methods, as regards the size, they of 
course yield only approximate results. For 7-J-x 14= 105 
square purusas ; 7'^ x 14f = 108f square purusas. The 
rationale of these results we shall indicate in the 
next chapter. We should but note here that as 
the second method ^ yields a result more deviating from 
the correct and desired one, 101-1' square purusas, its 

1 The printed text hQ>s catura meaning “ four.” It is obviously 
wrong. 8o I have amended it to ** one.” 

2 SBr, X. 2. 3. 11-14. Eggeling's rendering is erroneous. 

3 The second method seems to have been meant in the beginning 
for an enlargement on the second plan, to be explained shortly. So 
that it is only by mistake that it was employed for the enlargement 
on the first plan. 
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correctness was challenged even before the time of the 
Satapatha BTdhmana {c, 2000 

As to this they say, ‘as seven^ (square) purusas have ' 
exceeded, how is it that they do not deviate from the 
right total (sampad, which the altar ought to have)/ 

The change of the representative number is strictly 
forbidden in this work, as that will disturb the prinoipie 
of similarity of the forms. It observes : 

Now some intending to construct subsequent (larger) 
forms (of the Agni), increase (the number of) these 
prakramas and vyamas, supposing, ‘ we shall enlarge the 
womb {yoni) accordingly/ One should not do so; for the 
womb does not increase along with the child that has been 
born ; but indeed only as long as the child is within the 
womb, so long does the womb enlarge; and this much 
again is the growth of the child here. Those who do it in 
that way, certainly do they deprive this Father Prajapati 
of his perfection {sampad; that is, due proportions).'* ^ 

In the foregoing methods of enlargement of the original 
size of an altar, it will be observed, ail the constituent 
parts of it receive increments in equal proportions. But 
sometimes an altar, particularly the falcon-shaped one, 
is enlarged on an entirely different plan. According to 

^ The printed text hm trayodasa or “ thirteen.*’ It seems to be 
a mistake. For it was intended to construct a Fire-altar having an 
area equal to lOlJ square purusas. Now the method adopted produces 
one with an area of square purusas. So 108-jV *“ lOli or 6| 

square purusas are in excess. In round numbers this might be stated 
as equal to 7 square purusas. But “ thirteen ” cannot be justified. 
So I think that her© again the text should be amended to sapta or 
“ seven.** 

2 X. 2.3. 6-7* In this metaphor, the Agni^ as usual, is called 

the Father Prajapati ; his child is the unit of measure employed ; and 
the womb is his form and hence the numbers representing the spatial 
relations of that form (c/. SBr^ viii, 6.3.12; x. 2,3.3). This passage 
has been referred to in the aphorism, vi. 4 of the Kdtydyuna Baiba, 
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it, certain parts of the altar, such, as the complete purusas 
in the body, wings and tail of the falcon, are enlarged 
proportionately, while the rest, the two aratnls and the 
pradesa by which the wings and tail were lengthened 
fundamentally, are left unaffected. This plan of enlarge- 
ment of the falcon-shaped altar has been noticed by all 
the three principal Sulbakaras. It is particularly advo- 
cated by the tradition of one school as necessary for the 
altar of the Horse Sacrifice. Other schools, however, 
follow the general plan of proportionate increment of all 
parts in that case too. ^ 

We have so far considered the construction of figures, 
particularly isosceles trapeziums, similar to a given one 
and differing from it in area by a specified amount. It 
is sometimes also necessary to construct a figure, similar 
to another and having a given side. For instance, the 
BliadaUni-vedi is stated to be similar to the Mahavedi 
and is indeed an enlarged form of it.^ It is socailed 
because it must have, according to the injunction of 
the scriptures, eleven (eJcddasa) sacrificial posts (yupa) 
in front. It is further prescribed that the two posts on 
either sides of the middle one must be at a distance of 
one flfea ( = 104 angulis) and four angulis from it and the 
rest are an aksa distant from each other. Each post 
has a diameter of one pada. Hence the east side of the 
Elcddasini^vedi is 10 aksas 11 padas 8 angulis long. Thus 
it is required to construct an isosceles triangle similar to 
the Mahavedi and having its face equal to this length. 
Again, according to Baudhayana, the shape of the 
Asvamedha^vedi is similar to the Mahavedi and has 21 
yupas on the east side, that is, has a face of 20 aksas 
21 padas 8 angulis long. 

1 Bm, ii. 8 ; iii. 321-3 ; ApBl, xsi. 6-10 j KSl, v. 7, 

3 nm, i. 106 ff. 
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The method of construction to be adopted in these 
cases is indicated by Baudhay ana thus: 

For that (EMdasinl-vedi) take the twenty-fourth 
part of 10 aksas 11 padas 8 angulis; this will be the 
prakrama and with this (altered unit), the vedt has to be 
constructed (in the same way as the Mahavedi).** ^ 

For the Asvamedha-vedi take the twenty-fourth part 
of 20 aksas 21 padas 8 angulis; this will be the prakrama 
and with this (modified unit), the vedi has to be con- 
structed (in the same way as the Mahavedi)/' ^ 

The face, base and altitude of the Mahavedi are given 
respectively to be 24, 30 and 36 prakramas in length* 
If a, b, c be the corresponding quantities of a similar 
figure, we shall have 

JL - ^ ^ 

24 ~ 30 36 

1 = 80(l), » = 36(i). 

This is equivalent to the change of the ordinary unit to 
a 124 times it, where a is the given length of the face of 
the figure to be constructed. 

A similar method will have to be followed in con- 
structing an isosceles trapezium similar to a given one 
and having a given altitude.^ 

These methods are also taught by Katyayana.*^ 

It may be noted that Apastamba’s method of con- 
struction of several altars by employing the rational 
rectangle (15, 86, 39) by successively varying the units, 
is obviously equivalent to the construction of a system 

2 BSlt i. 107 ; vide also BSt, sxvi. 

s BSlf 1. 108; md& also 10. 

3 Sm, i. 109-10. 

^ KBl, vii. 1-3; compare KiSr^ viii. 8.22. 
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of rectangles similar to it. Indeed the science of the 
altar-construction requires the drawing of (a system of) 
similar rectangles, triangles, rhomboids, circles and 
other figures. For the enlargement of altars of those 
shapes involves it. ■ ^ 



CHAPTEE XIU 
Geometjrical Algebea 


The geometrical constructions described in the pre- 
ceding chapter are of considerable algebraic significance. 
They indeed form the seed of the Hindu geomeirical 
algebra whose developed form and influence we notice as 
late as in the Bijaganita of Bhashara 31 (born 1114 A. D.), 
The first plan of enlargement of a figure in which ail the 
constituent parts are affected in equal proportions, leads 
to the quadratic equation of the type 

= c. 


The second plan leads to the complete quadratic equation 
ax^-^hx = c. 

Let X denote the length of the enlarged unit of purusa 
and w denote the total increment in area. Then, in the 
case of the enlargement of the isosceles tra-penium on the 
first plan, we shall have 


B 6 a; X 


^ -t 3Qa? ^ 



or 9725 c^ = 972 H-m. 


Therefore cc- = 1 + 7 ^ 7 ^* 

972 


Hence jr = V'i + m/972 * 

If m = 972(n“*l), so that the area of the enlarged 
trapezium is n times its original area, we get 

X = Vn 

as given in the Bulba, The particular cases, when n = 
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QUADRATIC EQUATIONS 


14 or 14f , are found as early as the Satapaiha Bmhma^a 

(o. 2000 

For the enlargement of the fahon'^shapecl FiTe-aUaf 
on the first plan, we get the quadratic equation 


2x X + 2 ^ X x j 


or 

1^3:2= 7-i+m. 

Therefore 

0)2= 1+ ?!!i. 


15 

Hence 

, / . , 2m 

V 1+Ti-' 


In particular, when m = 94, that is, when the Fire- 
alter has its maximum enlargement permissible under 
the Sulha, we have 

8 

= 13^ = 14, approximately 
15 

as found in the Satapatha Brahmaria {vide supra). 

In the case of the enlargement of the falcon-shaped 
Fire-altar on the second plan, the geometrical operations 
are equivalent to the solution of the following complete 
quadratic equation ; 

2xx2x + + + = 7|' + ?n.. 

or + = 7|4- m. 

Completing the square on the left hand side, we get 

(7a5 + ^)2 = §fL + 7m 
16 

1 X* 2. 3.. 7 ff. Vide supra f. 
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Therefore 


^(V841 + 112m - 1), 
28 
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( 1 ) 


= 1 + 


2m 


neglecUng higher powers of m. Therefore we have 




4 m 


■— , approximately, 

JtU 


( 2 ) 


Katyayana says : 

“ Or for the second and following constructions, in- 
crease (the usual unit of) the (square) prakrama by itself 
for every seven constructions; so that (at each successive 
construction) take for the prakrama, the original value of 
the prakrama enlarged by its one-seventh/'^ 

So that, according to him, the enlarged unit (aj-) 
will be 


1 + 


... ( 3 ) 


whereas a more accurate value has been proved above 
to be 


= IH- j— , approximately, 


n 


( 2 . 1 ) 


In particular, when, the Fire-alter has its maximum 
enlarged form of IGl-l square purusas, we have 

7|+m = 101| 

Substituting in (1), we get 

1 


28 


(VllSeG -1). 
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^liADBATiq EQUATION^ 

Hence,. 

- ;^g^(11370 - 2^11369 ). 

Now 

V11369 == 106 + , approximately, 

Therefore 

+ m } 


Hence 


= 14 + 


19159 
83104 ’ 


= 14 + 


13 


3 

245 

19159 


14 + 


3 

13’ 


approximately 


... (4) 


Kafcyayaria gives a nearly^equal value, 

= U+~ ... (5) 

He says : 

“ The side which turns out a square of the area four- 
teen and three-sevenths (square) prakramas will be the 
length of the prakrama for the 101-fold (Fire-altar)/* ^ 

It is not at all easy to determine the rationale oi 
Katy ay ana's formulae (3) and (5), whether they were ob- 
tained in the way indicated above by the method of the 
solution of a complete quadratic equation, or in any other 
way. It is found that there are discrepancies between the 
results calculated by the former method and those found 
in the extant copies of the manuscripts of his works. 
How to explain them? Whether by the crudeness of his 
method of solving the quadratic equation or of the 


1 
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oalculations attendent, on it, ^ il he had at, all followed that' 
.method, or in any other way ? No w the discrepancy need 
not be considered very serious in the general case, espeoi- 
ally if we remember the degree of- accuracy that can be 
naturally expected in those early times, or that , is 
ordinarily found to have been followed then. Even in 
modern times 7 will be considered to be a very fair 
approximation to What will appear to be serious is in 
the other case which requires an emendation of the exist- 
ing text in order to explain away the discrepancy with the 
result calculated as above. But, we would remark, that 
by itself should not be considered a very formidable objec- 
tion against our hypothesis as regards the method of 
Katyiiyana. For those who have dealt with ancient manu- 
scripts are quite aware that they doubtless require emenda- 
tions here and there. That discrepancy can be explained 
away much more easily and reasonably by supposing that 
the result (5) was derived from the modified result (3) by 
substituting the value, m = 94, but was not calculated 
directly from the equation (1) as we have done above. 

It should be noted that the relevant portions of the 
existing manusccipts of the Kdtydyana Sulha might be 
considered to be quite correct and his results extremely 
accurate if we follow a certain interpretation of the text. 
Let us suppose that (1) the term ehasata-vidha means 

the construction (of a Fire-altar having an area) of 101 

^ It should be noted that the result (4) does not follow, quite con- 
trary to expectations, from the equation (2), on the substitution in the 
latter of the value, m=94. 

ss i + rs:: 13 ^ = 14 ^ approximately. 

This is too less than the valua (5) recorded by Katyayana. That 
is why we started by substituting 94 in the equation (1). This 
shows that the process of calculation has much to account for. 

, 22 ' 
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(square purusas)/' and (2) that the area of IQl square 
purusas comprises only the complete purusas in the altar, 
not including the two aratnis and the pradesa. Then the 
algebraic representation of the second method of enlarge^ 
ment of the primitive falcon-shaped Fire-altar will be 
, , ■ 7^*2 =. 7 ■ 

Therefore l-i-—. 

„ 7 

And in the particular case of the ma 2 s:imum enlarge- 
ment, we shall have 

Ix^ = 101 . 

Hence = 14 

Thus the results come out exactly to be the same as 
are found in extant MSS- According to this interpretation, 
the construction of the enlarged altars does not even in- 
volve the solution of the complete quadratic equation. 

We shall now proceed to examine how far the above 
interpretation can be held to be correct. It should be 
opposed mainly on three grounds : Firstly, the supposed 
interpretation of the term ekamta-vidha as meaning the 
construction of a Fire-altar of an area of 101 square puru- 
sas is very unusual. Indeed, according to all the Bidhci 
and also the Satapatha Brdhmana that term must always 
refer to an area of 101^- square purusas. Similarly, it is 
known, that sapta-vidha always refers to 7^ square puru- 
sas, asta-vidha to square purusas and so on. Secondly, 
for that interpretation the stipulated area of 101 square 
purusas has been assumed to be comprised of the area of 
the complete purusas in the body, wdngs and tail of the 
falcon-shaped Fire-altar,' in exclusion of the two aratnis 
and the pradesa in the latter. Thex'efore in that ease the 
area of the complete. altar, all told, will be greater, than 
101| square purusas. But the maximum extent up to 





KKASATA-VIDHA INTERPRETED^ 

wMcii tile Fire-altar is sanctioned to be enlarged by 
saccessive . constructions, is 101|, square , purasas. .Thus 
:Baudliayana expressly remarks : ■ ■ 

“ The first (i.e., when constructed for the first time) 
Fire -altar has an area of seven and a half square purusas. 
The second contains eight and a half ; the third, nine and a 
half. In this wayv the addition of one purusa takes place 
at each successive construction up to the elmsata-mdha 
{i.e,,. ' the construction including an area of 101| square 
purusas '). After that, the ekasaia-vidha A f/m should be 
repeated (without making any further enlargement of it.) 
Or else the sacrifice should be performed without an 

Satapatha BraJimana says : 

“ Some say, 'eha-vidha Agni should be constructed 
first; then by an increment of one (square purusa) suc- 
cessively up to a construction of unlimited size.’ One 
should not do so. The Prajdpati (f.e., Agni) was created 
first as sapta-'Vidha indeed. Proceeding to reconstruct 
himself, he stopped at the ekasata-vidha (‘a construction 
comprising lOll square purusas’). He who constructs (a 
Fire-aitar) smaller than the sapta-vidha, cuts asunder this 
Prajdpati : he voluntarily becomes a sinner as one would 
be by destroying or injuring his better. Again one who 
constructs (a Fire-altar) exceeding the ekasata-vidha, he 
proceeds beyond all these (visible Universe), for the Prajd- 
pati is this Universe. Hence one should first construct the 
sapta-vidha and then by the increment of one (square puru- 
sa) in succession up to the ehaiata-vidha. But one should 
not construct in excess of the ekaiata-vidha. Thus he 

5 BSh R* 1-7. Compare also ipStf viii. 8 ; xvi. 8.25 ; KStj t, 1 ; 
vi. 4 ; xvi. 17*. 15-6. In this last work Apastamba has expressly 

referred to the tradition of the Vajasaneya school (f.e., to the Satapatha 
BrdJmawa) on this point find© below). , 
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neither cuts asunder the Father Pmjdpati, nor does he 
proceed beyond all these (the Universe)/' h 

So the above interpretation stands in direct contradic- 
tion with the injunctions of the early scriptures. 

Thirdly, the practice of the mention of an altar by re- 
ference to the area of a part of it, as has been supposed 
lor the above interpretation, is unknown in the Stdba and 
earlier literatures of the Hindus. Thibaut once thought 
that such a thing had been implied in a certain rule of 
Baudhayana. He says, “ But according to the above 
sutra^ and its commentary the Asvamedhilm Agni was of 
a different nature. It had to comprise twenty-one puru- 
sas not including the lengthening of the two wings by one 
aratni each and of the tail by one pradesa, so that its 
atman consisted of twelve square purusas, its wings and 
tail of three purusas each. A proportional increase of 
the two aratnis and the pradesa would amount to 
square purusas and then the agni would no longer be 'eka- 
vimsa' as the sruti demands. Therefore the wings were 
lengthened only by the regular aratni (of 24 angulis) and 
the tail by the regular pradesa (12 angulis), so that the 
increase of the agni caused thereby remained less than 
one square purusa and the agni preserved its character of 
ekavimsa." ^ Thibaut has been followed in this matter by 
Biirk.^ They are clearly in error. ® For the sutra they had 
in view says absolutely ^nothing about the actual size of 
the Aivamedhiha Agni. The commentator Dvarakanatha 

1 §Br, X. 2.3. 17-8. 

2 The reference is to the following sutra of the Baudhd^jana isulba 

(iii. 321) : “ j ” 

New Series, Voi. l, p. 769. 

i BDMG, BVI, pp. 355 ff: 

^ Eggeling was wrong in sapposiug that Agni means “an 

altar measuring twenty-one man’s length on each of the four sides of 
its body.'’ V, p. 334, fo. 2.) 







Yajva truly took the area of the Fire-altar to be 21-|- square 
purusas. His use of the trikaram of a purusa in the eon- 
struction can be more easily and satisfactorily explained in 
a way different from that supposed by Thibaut and Btlrk. 

Now as regards the size of the Asvamedhika Agni, 
Katyayana states clearly: “(It) is twice or thrice (the area 
of) the primitive or twenty-onefold (elmvimsa- 

vidha)/'^ Such is also the opinion of the other Sulba- 
karas as well as of the Brdhmana.'^ Satapathci Bmhmana 
mentions also of a particular school, according to which 
the total area of the altar should be 12|- square purusas.*"’ 
As regards the method of enlargement of the primi- 
tive falcon-shaped altar of 7| square purus|s by 
which we are to arrive at the construction of the altar 
for the Horse Sacrifice having the specific area sanctioned 
for it by the scriptures, one school advocates the propor- 
tional enlargement of every part of the construction, while 
another school the similar enlargement of only those parts 
which comprise the complete purusas, excluding the two 
aratnis in the wings and the pradesa in the tail. For an 
altar with an area of 15 or 22^~ square purusas enlarged on 
the first plan we shall have, it will be easily found, to 
take the dvikarani or trikaram of a purusa and proceed in 
the same way as in the construction of the primitive Agni. 
For an altar with an area of 21-^- square purusas enlarged, 
but according to the second plan, the algebraic equation 
will be 

= 21 |. 


Therefore x = 


i(v^2409 - 1). 


^ ss. 4.15 ; V. 2-3. 

2 iii. 8 ff. ; iii. 321 ff. ; AplSl, xxi. 6, 9 ; Ap^r^ zx, 9.1 ; xuL- 

3-3. 7 f . 


3 .5Br, xiii. 3.3.9. 
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Hence, 


DVARAKANATHA SUPPORTED 
. ^ 1 


784 


(2410 - 2^/2409) 


784 \ 


= S' 


. 2410 — 2x49— L approximately 
784\ 49/ 

123 


2401 


Therefore we may take as a very near approximation 

== 3. And that is what Dvarakanatha Yafva has done/ 
We do not think it to be fair to him to interpret him other- 
wise as Thibaut does. 

For the above reasons we discard this latter interpre- 
tation of Katyayana's rules and hold that the construction 
of altars enlarged according to the second plan noted 
above and which is used to be followed in a certain school 
of the Brdhmana, does undoubtedly depend preliminarily 
on the solution of the complete quadratic equations 

ax^ + ba? = c, 

and further that Katyayana's results were obtained in this 
way. Milhaud is stated to have arrived at the former 
conclusion before.^ His article is unfortunately not 
available to me and so I do not know the arguments 
adduced by him. 

It may be noted that the commentator Mahidhara is 
of no help to us about this knotty point of the enlarge- 
ment of the Fire-altar. According to his interpretation of 


1 We obtain nearly the same result from the equation (2). Per 
putting m =« 14 (“ 211- — 7^-) in it, we get 


X* 


8 ~ 


2 

29 


3,. nearly. 


2 G-. Milhaud, ho. Gteom^i>rie Revue generate des 

Sciences, XXX, 1910, pp. 512-520 ; quoted by Professor I). B. Smith 
in his History of Mathematics, Tol. II, p. 444 fn. 
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,Kat jay ana’s, rules,, the area of the „,Fire,-altar after an .incre- 
ment of m square purusas will be 7'| x / 1 + | square 


purusas. This interpretation evidently assumes a propor- 
tional enlargement of all the constituent parts of the 
primitive Fire-altar and hence should be discarded as being 
directly against the express intention of the ^iilha. Another 
objection against it will be that the area of the Fire- 
altar at the final construction (the ninety-fifth construc- 


tion) according to it will be 7| x ^ 1 4 - ~ jor 108 ~ square 

purusas and hence much in excess of the maximum 
enlarged area, viz., 101| square purusas, permissible 
under the Sulba. Weber ^ informs us that such a 
method of enlargement of the Fire- altar is found in the 
Paddhati of Yajnikadeva. Its origin seems to be in the 
Saiapatha Bmhmana,^ But it was criticised and chal- 
lenged even then.^ I cannot' give the opinion of the com- 
mentator Eama on this point as the relevant portion of his 
commentary is not available to me at present. 

The, solution of the quadratic equation in its simpler 
forms is required in connexion with the enlargement of 
alfcars followed in a difierent school According to that 
school, we are informed,^ the altars with areas 1|, 

square pususas should be of the square form. So it 
will then be necessary to construct a square differing 
from another by a specified quantity. Now we find in the 


1 A. Weber, Indisohe Sitidien, XIII, p. 240 f. 
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ENLARGEMENT OF A SQITA:RE 


^ulba, the following general rule for the enlargement of a 
square: 

“ Add on the two sides (of the given square), those 
(two rectangles) which are described with as much as the 
increment (of the side of the square) and its side; add 
further at the corner, the square which is produced by 
that increment.’' ^ 


a , — — y 




i 

i 

1 



B E 

Fig:-74 


Let ABCD be the given square. Suppose its side is 
to be increased by the amount B®, say. Add to the sides 
BO and DC two rectangles GE and CG each of which is 
equal to AB,BE, Also add at the corner 0, the square 
CF equal to the square on the increment BE of the side 
AB. Then AEFG is the square on the enlarged side AE, , 
This is the analogue of the algebraic identity, 

{a+h)2 = a2-f2ah-h&2. 

Now we shall apply this result to enlarge a square of area 
by m square purusas, say. If x be the increment of a 
side, then by the above rule 

+ 2ax = m, 

or 4- 2ax + + m. 


1 Ip^l, iii. 9. Compare also iii. 192-4. 
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SIMPLE EQUATION 


Therefore x ^ Va^-bm — a. 

The geometrical method ' of the transfomiation of a 
square (c‘^) into a rectangle having a given side (a), which 
has been described before, is obviously equivalent to the 
solution of the linear algebraic equation, 

ax = 




CHAPTBB XI¥ 


Indbteeminate' Problems , 

In ,the Bulba .we find-tke solution o£. certain.' Tery,; 
interesting indeterminate problems. Some of. them fo.llow, 
directly from tbe geometrical constructions, made therein; 
others have been tacitly, assumed ' for .that purpose. /We ' 
shall here notice the more important ones, aixion,gst, them..' 

'S' 


Rational RigM-angled Triangle s . 


The formula of Katyayana to find the sum of n equal 
squares of sides a each amounts to 

Putting for in order to make the sides of the right- 
angled triangle free from the radical, and dividing out by 

we get ^^ ^ ^ ^ ^ ^ 


m* 


+ (’“ 4 - 7 =( 


m- 


*+i V 


i-t 


(I) 


as the solution of the indeterminate equation of the 
second degree 

“f (A) 

If the sides of the right-angled triangle are to be Integral 
as well as rational, m must be odd. xiccording to Proclus 
(c. 450 A.D.), this solution was known to Pythagoras (c. 
540 B.G.). 

A still more general. solution of (A) which includes the 
solution (I) as a- particular, case, is furnished by the 
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mefehocl ofTransformation of -a' rectangle into a square. ' ■ It 
is this : 


/ \2 / y 2 / \2 

l + 1—2“) =1 Tj ■ 

where m, are' any two arbitrary numbers. , Substituting 
p®, q® for m, respectively, in order to eliminate the 
irrational quantities, we get 





( 11 ) 


A further generalisation has been tacitly assumed in 
some methods employed by Apastamba for the construc- 
f tion of the Mahavedi, If the sides of a rational right 
triangle are known, then other rational right triangles can 
be obtained by multiplying them by any rational integer, 
or how he puts it, by increasing them by any rational 
multiples of them. Thus if a, jS, y be a rational solution 
of a?® H-^®= s®, then other rational solutions of it will be 
given by la, Z/3, ly where I is any rational number. This 
is clearly in evidence in the formula of Hatyayana. It is 
now known that all rational solutions of (A) can be obtain- 
ed without duplication in this way. 

Karavindasvami gives the solution, ^ 



‘”2m + 2 r 


It can of course be derived from the solution (I) by 
multiplying by x and dividing by every element of it 
and then putting m -f 1 for m. 


Rational Right Triangles having a Given Leg. 

There seems to have been an attempt to find the 
rational right triangles having a given leg. We find in 

1 Vide bis commentary on Ip^l, i. (4. , < . 
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the .,3 ulb a at least two such right triangles haviog a com- 
mon^leg a, viz,, ■ 

(a, 3a/4, 5a/4) and (a, 5a/12, 13a/12). 


The principle underlying these solutions will be easily 
detected to be that of the reduction of the sides of any 
rational right triangle in the ratio of the given leg to the 
corresponding side of it. Thus the sides of a rational 
right triangle having a given leg a will be {a, afija, ayjo), 
where a, I3, y are the sides of any rational right triangle. 
So that starting with the solution (II), we shall find that 
ail rational right triangles having the leg a will be given 
by 



But this general solution is not stated anywhere in the 
Sidha. The commentators of Apastamba, however, give 
the solution 


/ •¥ 2m \ / + 2 

\ 2m-i-2 / ’ \ 2m-l“2 



It should be noted that the above principle for obtain- 
ing the rational right triangles having a given leg has been 
followed expressly in later times in India by Alahavlra 
(850) and in Europe by Leonardo Fibonacci of Pisa (1202) 
and Viet a (c. 1580). 


Simultaneous Indeterminate Equations. 

The construction of the vedi gives rise to a type of 
problems of indeterminate character, though in a few eases 
the physical conditions are so prescribed as to make them 
determinate. ^ For instance, the breadth of the Gdrhapatija 

1 See Bibbutibimsan Datta. “ The Origin of Hindu Id determinate 
Analysis/* Archeion, XII (1931), pp. 401-407. 
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vodi shall have to be, according to the tradition of the 
scriptures, one vyayama. ^ But its form should be square 
according to some and circular according to others.^ It 
is to be constructed with five layers of bricks, each layer 
consisting of 21 bricks. Further the rifts of bricks in two 
consecutive layers must not coincide. The shape of the 
bricks employed may be square or rectangular. Now the 
most interesting case is that in which the vedi and also 
the bricks employed in constructing it, are square in shape. 
It is said that three kinds of square bricks should be made 
with the sixth, fourth and third part of a vyayama as a 
side. The first layer {Ij) should be constructed with 9 
bricks of the first kind and 12 bricks of the second kind, 
and the second layer (l^) with 5 bricks of the third kind 
and 16 bricks of the first kind.^ That is, if we denote the 
bricks of different kinds thus: h|=:'y^/36, ^2 = 'y^/16, 

= v^/9, where v denotes a vyayama, then 

Ij = 9hi + 12b^, Iq = SbsHhlSb]. 

The third and fifth layers are replica of the first and the 
fourth, of the second. 

Now it may be asked how the ancient altar-builders 
determined the size of the bricks of different kinds and the 
number of bricks of each kind that will be required for the 
construction of each layer. They proceeded probably in 
some way like this : Since 21 is not a square number, no 
layer of the altar can be constructed with bricks of the 
same kind. So the number of kinds of bricks employed in 
any layer must be at least 2. Since no two successive 
layers should have identical cleavage, all the bricks 

^ BMt ii. 61 ; ApSl, vii. 5 ; compare also vii. 10. 

3 sm, ii. 62-3 ; ApBU nl 6. 

3 BSl, ii. 66-9. 



182 


baudhayana’s. solutions 


employed in, .the second layer mnst^ not be the same as 
those of. the first layer. Hence the. minimum kinds of', 
bricks must be 3. Assume then 'their sides' to be p, q and 
rth part of a vyayama, where q, r are rational integers 
to , be determined. Suppose the first layer consists of 
bricks of the, first kind and y bricks of the second kind. 
Then we must have 

■ '-f 

X y ^ 21. 

Similarly if the second layer consists of bricks of the 
third kind and v bricks of the first kind, 

'■ii + = 1 

p'i 

u -}- tJ = 21. 


Thus we are led to the simultaneous indeterminate 
equations 

= 1 

^ X 4 * 2 / = 21 . 

Baudhayana's statements about the size of the different 
varieties of bricks and the number of them employed in 
the construction of a particular layer, amount to the 
following solutions of the equations (il) 

m- = 6, « == 9, 1 m = 3, cc = 5, 1 

n = 4, ^ = 12; j n = y = 16, j 



These solutions were probably obtained by trial in 
succession, thus: Solving (A) as simultaneous linear 
equations in x and y, we get 


X 
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.Now the, physical circumstaaces of the probleai,. are, such 
that iz? and y must be positive integers. Therefore if w>W ' 

> 21 > 

or m > > n. 

Since , 5 > \^2l > 4 . 

therefore we must have : 

VI .> 5, n < 4., , 

If on the contrary m < n, we must have 

> 21 > iri- 

Hence n > 6, nt < 4. 

Then substituting in the expression for x one after another 
the values n = 4, 3, 2, 1, we can determine by trial the 
value of m which will make the value of x in each case 
integral. Thus we shall easily arrive at the solutions given 
by Baudhayana, 

A much more difficult problem of the same type arises 
in connexion with the construction of the falcon-shaped 
Fire-altar. Its total area is given to be 7^ a^, where a—a 
purusa. It is laid down that the altar must be constructed 
in fire layers and the number of bricks employed in any 
layer must be 200. As before, the rifts of bricks in any two 
successive layers must not coincide. There is no injunc- 
tion of the scriptures about the varieties of the bricks to 
be employed or about their relative size and shape. In one 
method of construction Baudhayana employs four kinds of 
square bricks whose sides are respectively the fourth, 
fifth, sixth and tenth part of a. Let us take, in general, 
the areas of bricks to be a® /m, a\[n^ /p, If a?, y, 

IS, u he the number of bricks of each variety respectively 
that are employed in a layer, ; the problem amounts 
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algebraiGally to the solution of the indeterminate equations 

m n p q 
^ 4. 2/ + 0 4- -u = 200. 

Baudhayana gives two integral solutions of these equations : ' 

(2) lYi rs 10^ n == 25, p = 36, q = 100 

(fl.) a? = 24, p = 120, ^=36, ix = 20 

or 

(r2) a?==12, p = 125, ^ = 63, t^. = 0. 

Since in this method the values of m, n, p, q are perfect 
squares, the shape of all the bricks are square. BaudhS- 
yana has described a second method of construction of the 
Agrii in which he employs certain rectangular bricks too. 
These bricks, it may be noted, are easily divisible into 
square shapes. But as that will increase the number 
of bricks employed in the construction of the Agni 
he has refrained from doing so. All those things are, how- 
ever, immaterial for us who look upon his problem from 
the point of view of the solution of algebraic equations. 
Baudhayana’s new solutions of the equations (B) are ^ 


(ii) 

m = 2s5, 

n = m, 

p=^50l3, 

g=100 

(ii-l) 

0 

11 

p=30, 

Or 

!S=:S, 

u = 2 

(n * 2) 

a? = 165, 

j/=25. 

i3 = 6, 

u = 4 


Apastamba uses square bricks of five difierent varieties 
for the construction of the same Agni, So his problem 
will be represented algebraically by the equations 

£ + IL + + I = 71 

m n P 9 f 
as + p + a + M + = 200 ; 

1 BSl , iij. 24 ff. 

2 Bg/, iii. 41 ff. 
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wl2ere:„m, n, p, q, r ara perfecfe squ'ares. Apastamba's 
statement of iiis method of solution, partly explained in 
defail , and partly hinted,, is not free from ambiguity.^ 
Consequently it has been interpreted difierently by his. 
diSerent commentators leading . consequently, to se¥eral 
solutions. ■ According to Karavindasyami, the two 
solutions of (C) will he ■ 


(0 

^ m = 16, ' 

L = 67, 

n= 25, 

p = 64, 

q = 100, 

■ r = 144, 


y = 58. 

II 

QD 

u = 18, 

r>=9; 

(«) 

^ m = 16, 

71/ ~~ 2 0 j 

p = 36, 

11 

r=:100, 



2/ = 157, 

«=9, 

u = (), 

•r = 22. 


To these liapardisvami adds the solution 

= ?i = 2‘5, p = 36, q = 64, r = 100, 

(m) j 

XT? =10, // = 159, z=9, u^S, 7) = 14. 

Sundararaja's interpretation leads to as many as four 
new solutions of (C) 

/m = 16, 7?, = 25, p=:36, g = 64, r=100, 

(/«), (») ] 

^* = 70, 12; 2/=45, 157; a=9, m = 56, 0;» = 20, 22; 

^m = 16, n = 25, p = 64, g = 100, r = i44, 

(vi), [vn) ] 

^a; = 74, 77; p = 45,42; ^=52, 40; -^ = 20, 32; 

He has also added a few more solutions of his own. All 
these show very clearly that the Hindus fully recognised 
the indeterminate character of the above problem of the 
construction of the Fire-altar of the shape of the falcon. 

^ ApSh si. 1 ft*. The test describing one solution is positively faulty 
as has also been noticed by all the commentators. Biirk failed to detect 
this. He thinks erroneously that the preliminary arrangement for the 
second construction is comprised of 194 bricks, whereas it actually 
consists of 198 bricks (vide ZDMGt XiVI, p* 366), 
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Several other indeterminate problems of the above 
type present themselves in connexion with the construc- 
tion of the Fire-altars of other shapes. We need not dilate 
'■upon them here. It should, however, be noted that, the 
actual difficulties of construction are much more than 
what will appear from the mere algebraic considerations. 
For the bricks will have to be arranged in such a con- 
figuration as to have the prescribed shape of the altar. 


CHAPTEE XV 

Elementary Treatment of Surds 


In the ^ulba, we find elementary treatment of 
surds, particuiarly their addition, multiplication and 
rationalization. For the face, base and altitude of the 
Saiitrd-^ is of the shape of an isosceles 

trapezium, are stated, it has been noted before,^ to 
be respectively 24 / a/3, 30/ a/ 3 and 36/ aVS prakramas, or 
to be 8 a/3, 10 v/ 3 and 12 Vo prakramas. Hence it is 
clear that the ancient Hindus knew that 


'^=8^/3, J|-=10V3. -12.V/3. . 

It is also stated in general that if the side of a square be 
a, then the side of the square equal to the third part of 

it will be ~ {a VS ) or VS{^)/^ That is, 


■ . . JL—' ■ '■ ^ 

. VS . S , ■'* ■ 

Thus it appears that the rationalization of simple surds 
was known at that time. 

The area of the above trapezium is stated to be 324 
square prakramas. It must have been calculated with 
the help of the rule given in the Stilba for that purpose. 
So that 


36 1 / \ _ 36 54 



12 a/3 X I (8 ^^3 + 10 VB ) = 12 -X 3 X 9 = 324 


^ ApBli ii- 3 ; BBl, i..47 ; K£l, ii- 15-6; see also pp. 74 f. supra . 
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APPEOXIMATB VALUE OF ^^2 

, Again • the dimensions’ of another isosceles trapezium 
{ABnamedMhl~vedi)- are stated thus : ' face ==24 'v'2, base 
= 38 V2, altitude = 36 v^2 prakramas and : area =1944 
square prakramas. ' That is 

: 36V2 X ^(24a/ 2 + '30v^2) 

In the Siilha, SL surd is techmcally called kanirfL 
Thus ram- means ^^2, tfi-kafant^ trtrija'karam 

= Vi/S, swptama~kaTam== Vl/7, astddamdcarain VlSi 
etc. The term was also used in' the more general sense of 
a root. For we have at least one instance of its application' 
in that sense, e.g,, catuakavani^si which is not a 
surd.^ The Sanskrit word Tcaram means producer/' 
'i* that:''W From that it came to denote 

the sides of a rectilinear geometrical figure of any shape,® 
and then more particularly, the side of a square. 


Approximate Value of a/ 2. 

Baudhayana and Apastamba say : 

Increase the measure (of which the dtn-karan~i is to 
be found) by its third part, and again by the fourth part 
(of this third part) less by the thirty-fourth part of itself 
(f.e., ofthis fourth part). (The value thus obtained is 
called) the savisesa/* ^ 

Katyayana defines the rule in nearly identical words. ^ 
Thus if d be the dm-haranl of a, that is, if d be the side 


1 The references are respectively to ApSl, i. 5, ii. 2, ii. 3 ix. 5, 

2 ApSl,ii.6, 

^ See ApSl, ix. 6 ; sii. 5, 6, 9 ; xiii. 1, etc. 

ApSdi 16 . 

5 

il 13. 
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ITS ORIGIN 


of 4 square: whose', area:; is double thafc'o,f the square on.. a,, 
.then,' according to' the rule,. 



a + 


- + 


a 

iA 


a 

3A34 ‘ 


Now, it Has been stated before, the diagonal of a square is 
its dviAcarmfi, So this rule gives the relation between the 
diagonal and side of a square. Indeed the above rule is 
particularly meant to define that relation. Thus we get 

a/ 2 = 1 + -f ' ^ — — 

3 3.4 3.4.34 


In terms of decimal fractions, this works out \^2 
= 1 ’4142156.... According to modern calculation V2 
= 1*414213..., Thus it is clear that the ancient Hindus 
attained, a very remarkable degree of accuracy in calcu- 
lating an approximate value of ^^2. 


Hypotheses about its Origin. 

One will be naturally interested to know how the value 
of ^2 was determined in that early time to such a high 
degree of approximation. Unfortunately the Hindus have 
not left any trace of the method adopted by them for the 
purpose. So it is very difficult to guess it. Thibaut has, 
however, propounded an ingenious hypothesis about it. 
He says : ^ 

The question arises : how did Baudhtiyana or Apas- 
tamba or whoever may have the merit of the first investi- 
gation, find this value? Certainly they were not able to 
extract the square root of 2 to six places of decimals; if 
they have been able to do so, they would have arrived at 
still greater degree of accuracy. I suppose that they 
arrived at their result by the following method which 
account for the exact degree of accuracy they reached. 



^0 THIBAHT's HITOTHKSIS 

‘ ' Endeavouring to discover a square the side and diago- 
1 0 ^ which might be expressed in integral numbers they 
gan by assuming two as the measure of a square's side, 
[uaring two and doubling the result they got the square 
the diagonal, in this case = eight. They then tried to 
range eight, let us say again, eight pebbles, in a square; 

w’e should say they tried to extract the square root of 
^ht. Being unsuccessful in this attempt, they tried the 
xt number, taking three for the side of a square; but 
;hteen yielded a square root no more than eight had 
ne. They proceeded in consequence to four, five, etc. 
idoubtedly they arrived soon at the conclusion that 
ey would never find exactly what they wanted, and had 
be contented with an approximation. The object was 
w to single out a case in which the number expressing 
3 square of the diagonal approached as closely as pos- 
le to a real square number. I subjoin a list, in which 
i numbers in the first column express the side of the 
lares which they subsequently tried, those in the second 
umn the square of the diagonal, those in the third the 
irest square number. 


1 


1 

11 

242 

256 

2 

8 

■ 9 ' 

12 

288 

289 

B 

18 

16 

IB 

338 

824 

§m 

B2 

36 

14 

392 

400 

ill 

50 

49 

■■ 15 

450 

441 

0 


64 

16 

512 

529 

7 ■ 

98 

100 

17 

578 

57(5 

,B 


v;'T2i;: 

18 

648 

625 

;,9 

162 

169 

19 

722 

.;,;::729;; 

10 

.200 

196 

20 

800 

784. 
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HoW' far :tlie Siitrabaras went in their experiments we 
are' of course unable to say ; the list up to twenty suffices ' 
for our purposes. Three cases occur in which the number 
expressing the square of the diagonal of a square differs 
only by one from a , square number;' S- — 9; ibO— 49; 
288“-“289; the last case being most favourable, as it ini 
volves'' the largest numbers. The diagonal of a square 
the side of ' which was equal to 'twelve, was very little 
shorter than seventeen ( V289 = 17). Would it then not 
be possible to reduce 17 in such a way as to render the 
square of the reduced number equal or almost equal 
.to 288?' ■ 

“ Suppose they drew a square the side of which was 17 
padas long, and divided it into 17 x 17 = 289 small squares. 
If the side of the square could now be shortened by so 
much, that its area would contain not 289 but only 288 
such small squares, then the measure of the side would 
be exact measure of the diagonal of the square, the side 
of which is equal to 12 (12^ + 12*2 = 288). When the side 
of the square is shortened a little, the consequence is that 
two sides of the square a stripe is cut off ; therefore a 
piece of that length had to be cut off from the side that 
the area of the two stripes would be equal to one of the 
289 small squares. Now, as square is composed of 17 x 17 
squares, one of the two stripes cuts off a part of 17 small 
squares and the other likewise of 17, both together of 34 
and since these 34 cut off pieces are to be equal to one 
of the squares, the length of the piece to be cut off the 
side is fixed thereby ; it must be the thirty-fourth part of 
the side of one of the 289 small squares. 

‘ * The thirty-fourth part of thirty-four small squares 
beino* cut off, one whole small square would be cut off and 
the area of the large square reduced exactly to 288 small 
squares ; if it were not for one unavoidable circumstance, 
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The tvTO stripes which are cut from two sides of the 
square, let assay the east side and the south side, intersect 
or overlap each other in the south-east corner and the 
consequence is, that from the small square in that corner 

■ ' '2 ' 2 ' T" 

not are cut oS, but only ^ ^ . Thence the 

84 84 34x84 

erroiMn the determination of the value of the sayisesa. 
When the side of a square was reduced from 17 to i6|| 
the area of the square of that reduced side was not 288, 

but 288 + — i-~. Or putting it in a different wav : taldng 
34x84 * ^ 

12 for the side of a square, dividing each of the 12 parts 

into 34 parts (altogether 408) and dividing the square into 

the con’esponding small squares, we get 408 x 408 =166464. 

This doubled is 332928. Then taking the savisesha- value 

of 16§|. for the diagonal and dividing the square of the 

diagonal into the small squares just described, we get 

577 X 577 = 332929 such small squares. The diference is 

slight enough. 

“ The relation of 16|-| to 12 was finally generalised into 
the rule : increase a measure by its third, this third by its 
own fourth less the thirty-fourth part of this fourth 

(l6 I = 12 + f ) . The example of 

the savisesa given by commentators is indeed 16|| : 12 ; 
the case recommended itself by being the first in which 
the third part of a number and the fourth part of the third 
part were both whole numbers.’’ 

But a more simple and very plausible hypothesis will 
be that the expression for \/2 w8bs obtained in the follow- 
ing way : ^ Take two squares whose sides are of unit 

1 For a slightly different but less elegant procedure see Mtilier, 
p. 178. loG, cif. 
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leiigtli. ^ Divide the second square into three equal strips 



I, II and ill. Sub-divide the last strip into three small 
squares IIIj , lilg, Ills of sides 1 each. Then on placing II 
and III I about the first square 8 in the positions IT and 
IIH|, a new square will be formed. Now divide each of the 
portions IIIq and III 3 into four equal strips. Placing four 
and four of them about the square just formed, on its east 
and south sides, say, and introducing a small square at the 
south-east corner, a larger square will be formed, each 
side of which will be obviously equal to 



Now this square is clearly larger than the two original 

j , the area of the small 

square introduced at the corner. So to get equiva- 
lence cut off from the either sides of the former 
square two thin strips. If x be the breadth of each thin 
strip, we must have 


' g * Jir) - = (i*) 

Whence, neglecting as too small, we get 
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: ,Thus' we, have; finally 


'V2,==l + 


1 

8.4 


3.4.34. 


nearly. • 


Approximate Value of V3. 


, .By, the process indicated above we' can .,: easily, get ,, an 
approximate value' of ,' V3. , : In 'this case , .two ■ oi the' unit 
squares are divided into six- equal strips I,' II,... VI. The 
last , two strips are, subdivided into- six .smaller squares of 
sides, l,/8 each. Then .arranging the - slices III,^ IV, V|, ■Vg,,,, 
.Vl^j.-and VI^,, about the -'first 'square'-in the positions , ,IIF, , 
IVs, V'g, VFi, VPg’ ^ new-square can be formed. 'Now 
divide each of the portions left over,' 'yi^.>' V 3 and, Vd.^,, into 


.rZEIITZ' 

pTZP 


,iv' 

K\^\ 

.. Ill' 



t 1 




I III i 

in 

IVI'^ !vij 


i 


1 U., 1 


'p', . ■ 

five equal parts and place them about the square just 
formed. Then introducing a small square at the corner 
another complete square of sides equal to 

" " " ' ' 1 


1 + 


■4“ 


3.5 


each will be formed. But this is clearly too large by the 
amount ("^)“. So, for closer approximation, let the side of 
the new square be diminished by an amount such that 
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“ rksr ’ 

Thus we get ^ 

V3 = 1 + 2 + i_ _ U__ 

3 3.5 3 . 6.52 ’ 

iTTationality of V2. 

Did the ancient Hindus recognise the irrationality of, 
V2 ? This question does not seem to have troubled 
Thibaut ill any way. For we do not find him to raise it 
explicitly or to attempt to answer it directly. But it is 
clear from his writings that he believed in the Hindu 
knowledge of irrationality of ^/2, Indeed his theory about 
the discovery of the Hindu approximation to the value of 
which has been quoted in extenso before, is funda- 
mentally based on the knowledge of the incommensurabi- 
lity of the diagonal of a square with its sides. Thibaut 
supposes that the ancient Hindus endeavoured ‘ to dis- 
cover a square the side and diagonal of which might be ex-r 
pressed in integral numbers' and then observes, ‘ un- 
doubtedly they arrived soon at the conclusion that they 
would never find exactly what they wanted and had to be 
contented with an approximation." Von Schroeder ^ and 
Biirk ^ are more explicitly emphatic. They claim for the 
ancient Hindus the credit for the first discovery of irra- 
tionals. And they have been followed in this respect by 
Garbe, Hopkins and Macdonell.'^ But this hypothesis has 

1 For a diSerent method of approximating to the value of see 
Miilier, loc. oit, pp, 182 f. 

2 Von Schroeder, Pythagoras und die Inder, Leipzig, 1884, pp. 
39-59 ; compare also Indim LiteratUf und Kvdtur.t Leipzig, 18^7,. 

3 ZDMG, LY, p. 657, 

4 B. Garbe, Philosophy of Ancient India^ pp. 39 ; E, W. Hopkins, 

Religion of India, pp. 559 f., ; A. A. Macdoneil, History of Sanskrit 
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been criticised and opposed by some modern historians of 
mathematics.^ 

There are two terms which have undoubtedly a great 
bearing on the point under discussion. They are visesa. 
and savisesa^ Importance of these terms has not been 
properly realised by previous writers. Thibaut simply ob- 
serves that savUesa is a technical name for the increased 
measure.^ Biirk remarks, “ The total increase is viiesa 
because it is the ‘ diference ' between the prarnd'^a, i.e., 
the side of the given square and its dvi-kamni. Therefore 
this latter is savisesa, ' with the difference.’ ” 

In the Sulba, the calculated value of the diagonal of a 
square is technically called the savisesa of its side. Or 
symbolically,^ 


Savisesa of a = a -f ^ ^ 

3 3.4 


a 

BAM ’ 


Now what is the radical significance of the term 
savisesa? Before answering this question, we shall point 
out that occasionally the term has been used to denote the 
complete diagonal in general; that is, in the sense savisesa 
ofa=aV2.^ Again in one instance in the Apastamha 


1 H. Gr, Zeuthen, “ Theorem de Pythagore. Origine de la geometrie 
scieBti^que,' ' Compte'S Rendus du lime Congres Intr. d. Philosophie. 
Geneve, 1904 ; M, Cantor, “ TJber die Slteste indische Matbematik,” 
Arch. d. Math, v, Phys,, YIII (3), 1905, pp. 63-72; H. Vogt, “Haben 
die alien Inder den Pytba goreisclien Lebrsatz und das Irrationale 
gekannt ? Bibl. Math, fVn (3), 1906, pp. 6-23; T. L. Heath, Euclid-t 
I, p. 362 f. 

2 Tbibant, Sulhasntras, p. 13. 

3 Biirk, ZDMG, BVI, p. 330; compare also LV, p. 548 {“ saviiesa, 
i.e.i of the approximation to the dvi-^karant ”) and p. 557, fn. 1. 

4 BSh i- 61-2; ipm, i.6 ; KM, n. 13. 

5 BSh iii. 67, 149, 150; IpSh sis, 2, 3, 4, 7* 
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Bulba , we find the use 


(I 

BAM ‘ 


But on several occasions in this work and also in other 
*5i£l6as,^ particularly in a compound word, the term visesa 
has been employed in the sense of the hypotenuse of a right- 
angled triangle. And it has again been considered there 
as equivalent to savisesaA The concluding portion of 
Katy§y'ana''s statement of the rule for savisesa rum thus : 


vijit wm, ... --ApSL i}. i. 

2 ApSl, xx. 5, 7, 8, 11, etc. In these cases occur 
the term halnja-visesa (meaning “ having the visesa outwards ”) ; in 
Ap&l, XX. 6 we find aWnjantara^visesa (** having the visesa inwards”). 

3 For example, one kind of bricks employed in the construction of 
the Fire- altar of the shape of falcon with bent wings and spreadout 
tail iVakrapahsa^vyastapnccJia-syenacit) was called soda^n. Its dimen- 
sions are described thus ; 

“ qtfsif qfKsj'rftgig ” — 

ApSl, xix. 2. 

*' Construct the sodast with four (sides), namely with one- 
eighth, three-eighth, one-fonrth (purusa) and the savisesa of the 
one-fourth (purusa).” The manner of laying out these bricks has 
been described thus : 

” — 

XX. 5. 

“ Cover the remaining portion (of the Fire-altar) with sodasis, (such 
that) those lying at the extremity (of the Fire-altar) will have their 
vis&sa outwards, but inwards at the head.” 

“ ■spcrcftiM i t ■aatar 

% ” — ApS], XX. 6. 

“ In the second layer, at the head towards the east lay two sodasis 
having their visesa outwards and on the west lay them with their 
visesa inwards and lying in both places (visaya, ie,, partly in the head 
and partly in body of the Fire- altar).” 
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savisem iti vises ah. Here the word visesa must be explain- 
ed diSerentiy.:', The "use of, the same terms' thus in , wariecl 
significations, has made the inberpretation of their origin 
really difiiculb. Thibaut’s explanation is obviously errone- 
ous; ■ Burk’s is not full. 

Let us now see how the origin and significance of the 
term has been interpreted by the early commen- 

tators. Dvarakanatha Yajva is of no help to us in this 
matter. He passes off with the simple remark that 
'' savisesa is a technical term for it.” KapardisvamI 
observes : 

'' Saviiesa is a technical name for the sum thus ob- 
tained.^ As it is accompanied with a special quantity in 
excess {vis6m)> so it is a term whose meaning is intelli- 
gible by itself. (Add) to twelve (ahgulis) four (ahgulis), to 
lour one; divide that one into thirty-four parts and leave 
out a part. Thus (the resulting sum) will be seventeen 
ahgulis less one tila. The square of the tilas in twelve 
ahgulis is 166464 square tilas; the square of the tilas in 
seventeen ahgulis minus one tiia is 332929 square tilas. 
In this (latter) a square of one tila is in excess (of twice 
the other), so the savisesa is the technical name (for it). 
If it is accompanied with some quantity in excess (visesa), 
then what is the necessity for it ? In its own domain, it 
has no fault. For if the diagonal be measured (directly) 
with a bamboo-stick, the excess will be to the extent of 
ten square tilas. Thus in any case there will be an excess 
even by a fraction of the smallest part of the minute 
nlvdm grain failing from the mouth of a parrot. So (the 
formula) is without fault. It will be of practical use, 
taking this into eousiderabion, the learned author has 
made that (technical) term.” 

^ The reference is to ™ -h ~ , 

o 3.4 0.4,34 
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REMARKS OF ’ KARAVINDASYi Ml 

KaraYindas^amFs obserYations are more elaborate, 
Savisem is its technical name. The measure of 
the side (of a square) after having been operated upon by 
the rule ' increase the measure by its one-third, etc. Ms 
called the saviiem. For instance, increase a measure of 
twelve ahgulis by four ahguiis ; increase that four ahgulis 
by, one aiiguli' minus one tila. The ' experts;, (in, measure) 
say that thirty -four tilas placed breadthways make one 
ahguli. It will be stated (later on in the text) ‘ add to 
half (the length of the east-west line) its tjiiesa/ ^ 'enclose 
with two half-bricks having their outwards,’ ^ etc. 

What (are the correct meanings) of ‘ fasten savisesa to the 
middle (pole),’ 'with one-fourth purusa and with the 
savisesa of one-fourth purusa,’*^ etc. There it should be un- 
derstood that ' being with the visesa,' that is ' the measure 
with the vis esa' is the savUesa, What is the need of this 
big term ? So that its true significance may be intelligible 
by itself. What is that? The root Sis when prefixed by 
vi denotes in all cases ‘a correction In excess,’ As the rule 
mentions of an excess qualified by the prefix vi (it should 
be understood that the accurate value of) the diagonal 
differs by something from, exceeds over the exceeding 
part of the above value of the dvi’-harani over the measure 
of the side : and that is the visesa. Or else the viSesa is 
that little area by which (the square of the diagonal as 
calculated by the rule) differs from or exceeds over (twice 
the. area of the given square) at the time of measurement. 
For instance, since it has been stated that thirty-four tilas 
make one ahguli, the square of the number of tilas in 
twelve ahgulis is 1664-64 square areas of tilas ; the square 
of the tilas in seventeen ahguiis minus one tila is 332929 
square areas of tilas. In. the latter a square of one tila is 
present in excess over twice the area of the (given) 

^ ApSlj ii. 1. 

2 Ibid, XX. 7. 


3 Ibid, ii. 1 . 

^ Ibid, xix. 2. 
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square figure ; hence its technical name is visem. If the 
diagonal (of the square) could be (exactly) measured with 
the bamboo-rod and the Fire-altar had been measured by 
means of that measure, the area included in the body (of 
the Fire-altar) would not have exceeded (twice) this (the 
given square) even by the smallest part of the minute 
nlvdra grain falling from the mouth of a parrot. If the 
measure falls short (the area described) in that case will 
also be smaller. So for doubling (a square), the saviSesa 
is employed as a practical means.*' 

Thus it is evident that according to the interpretation 
of the commentators Kapardisvami and Karavindasvami, 
the term, savisem for the diagonal of a square implies 
intrinsically a knowledge of the following: (1) The value of 
the diagonal as oaiculated by the rule stated for the pur- 
pose is only an approximate one; (2) that value of the 
diagonal has a small quantity in excess over the true value 
of the diagonal; or in other words, the square of 
that value exceeds by some quantity twice the area of the 
given square; (3) that excess cannot be completely elimi- 
nated in calculating the value of the diagonal arithmeti- 
cally. If the validity of this interpretation be accepted, 
then there will remain nothing to doubt that the ancient 
Hindus were aw^are of the incommensurability of the diago- 
nal of a square with its sides. 

Let us therefore test as far as possible how far the 
commentators can be relied upon in the matter of that 
interpretation. For it might be argued by modern critics 
that being acquainted with the real state of things from 
the mathematical knowledge of their time, the commenta- 
tors naturally gave an interpretation to the texts which 
was more creditable to their authors. ^ Looking into the 

^ The commentators have been similarly accused in other con- 
nexions by TMbaut (^ulhasMras^ pp. 46 f.) and Biirk (comments on 
ApSl, i. 4). 
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ancient literatures, of India, we find in the early oanonical 
works of the. JainaS" copious.- instances o.f.' the employ 
of the . term.uiseaa in the 'same connection as we .find it in 
the Thus in the Silryapmjnapti (c. 500 B. C.) ^ 

the circomferenoe of a circle whose diameter is 99640 
yojanas is' stated as^ 31i5089' yojanas a.nd a little over 
iMficidvm that of a circle of diameter 100660 

yojanas is stated to be 318815 and a little less (kifiGuh 
visesona). In the Jamhiidvipaprajnapti (e. 300 B.C0»® 
the circumference of the Jambudvipa which is of the 
shape of a circle of 100000 yojanas in diameter, is men- 
tioned as 316227 yojanas 3 gavyutis 128 dhanus 13j 
arigulis and a little over {Mnoid^visesMMha). In all these 
cases, ^ it will be seen that the value actually recorded is 
only an approximate one and the vUesa refers to a small 
quantity which has not been recorded — in fact it cannot be 
accurately determined — but which we shall have to add to 
or subtract from the recorded value in order to get the 
accurate value of the quantity sought. Those who are 
acquainted with the technique of Sanskrit and Sanskritie 
languages will at once recognise that the expression 
kificid-viiesddhika has the identical significance as the term 
savUesa. Indeed we really find the use of the word savUesa 
in exactly the same sense in a Jaina work of later times. 
Nemicandra (c. 975 A. D.) writes: tatiiunam parirayena 
saznsesam or “ thrice that with a little over (savisasa) is 
the circumference.’*'^ Now the early canonical works of 

1 Sntra 20. The formula employed for the calculation is 

circumference «= VlO x (diameter) 2. 

2 Sutra 3. 

3 Several instances of this kind will be found in the author’s article 
on “The laina School of Mathematics in the Bulh CaL Math. 5'oc., 
Vol. XXI, 1929, pp- 115*145 ; see particularly pp. 131-3. 

4 TriJokasara of Nemicandra, with the commentary of MMhava- 
candra, edited by Manoharlal Sastri, Bombay, 1918, Batha 95* 
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the Jainas belong to a .period 'not much ■ separated from 
that of the Bulba. Some works of either classes probably 
belong; to the same age. .So we can accept without' any 
hesitation that the term saviiesa was employed originally 
in the Bulba with the same significance as that with which 
it is found to have been employed in the early canonical 
works of the Jainas, Thus it is found conclusively that 
Kapardisvami and Karavindasvami are thoroughly reliable 
as regards their interpretation of the original significance 
of the term saviiesa. So it is proved that the irrationality 
of ^^2 was known to the ancient Hindus. 

Other Approximate Values of \^2. 

Erom the Mdnava Bulba we obtain certain other note- 
worthy approximations to the value of v'2. By way of 
some calculations in that work are employed the rela- 
tions: 

( 1 ) 402 + 402 502 

(2) 42 + 42 = (5|)2 

From these we easily derive the values, 

{ 1 * 1 ) ^^^2 ~ 1*4 

(2*1) a/2 = == 1*4166... 

It may be noted that is the third convergent of 
expressed as a continued fraction ^ and the value is its 
fourth convergent. What is still more noteworthy is the 
fact that the former value is not derivable from the series 
for ^^2 stated before. This latter is, however, the eighth 
convergent of the continued fraction for V2 : 

m ,.1.1 1 



a;ppr,os:imate" value of": ,x/5 
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These facts will lead , one strongly to suspect if the rudi* 
meats of the theory of continued fractions were known to 
the' early' Hindus. xAt a'uy rate-, these are very remarkable 
cases of coiaoidence. ' 

. There are certain other rough- values of v^2'to- which 
we shall refer. shortly. 

Approximation to the Value of a/5- 

There seems to have been a serious attempt, though 
without much success, to find an approximation to the 
value of the surd The occasion was to define clearly 

the relative positions of the three principal and oldest 
known fire-altars, vi^.i the Gdvhapatya, Aliavaniya and 
Dahsina, Baudhayana’s rules to determine their posi- 
tions are these : 

With the third part of the length (Le., the distance 
between the Gdrhapatya and Ahavanlya) describe three 
squares closely following one another (from the west to- 
wards the east) ; the place of the Gdrhapatya is at the 
north-western corner of the western square ; that of the 
Daksindgni is at its south-eastern corner ; and the place of 
the Ahavanvija is at the north-eastern corner of the eastern 
square.'' ^ 

else divide the distance betw'een the Gdrhapatya 
and Ahavanlya into five or six (equal) parts; add (to it) 
a sixth or seventh part; then divide (a cord as long as) 
the \vhoie increased length into three parts and make a 
mark at the end of two parts from the eastern end (of the 
cord). Having fastened the two ends of the cord (to the 
two) poles at the extremities of the distance between 
the Gdrhapatya and Ahavamyat stretch it toward the 
south, having taken it by the mark and fix a pole at the 
point reached. This is the place of the DahsindgniV^ ^ 


1 MLL67. 


r.BSl, u 68 . 
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‘ ‘ Or elseincrea.se the measure (between the Gdrhapatya 
md Akavanl/ij a) hf it& fifth part; divide (a cord as long 
as)' the .whole into five parts and make ,a mark at the end 
of two parts from the western extremity (of the cord)* 
Having fastened the two ties at .the. ends of the east- 
west line, stretch the cord towards the south having taken 
it by the mark and fix a pole at the point reached. This 
is the place of the DahsindgniA*^ 

The second is also given by Apastamba.'^ A rule 
leading to the same result as the first one above, though 
defined differently, is stated by Katyayaoa and Manu.'^ 
Katyayana has specified the relative positions of the three 
fire-altars also in a new way : 

‘'Divide the distance between the Gm’hapatya and 
Ahavmilya into six or seven parts; add a part; then 
divide (a cord) equal to the total increased length into 
three parts, etc.'*^ 

The rest of this rule is the same as the latter portion of 
the second rule above and hence need not be mentioned. 


1 Ibidf i. 69, 

4 MdSt, iii. 



Fis*. 7 7 

^ ApSh iv. 4. 


A^Ahavanlya 

G^Gcirhapatya 

I)==:Dalvsindgni 


3 KAI, i. 29. 

mi, 1 27. 


5 
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; : Let h denote the distance between the Garhs^paiya and 
Ahavaniya, that is, AG. ; Then from the, dlHerent specifi- 
cations given above we obtain the following values for AD 
and (jI).: ■ 

HDr=|v'5, f5, p, 

GI) = |./2, p, -^5, *6, 

If it be assumed that the relative positions of the three 
fire-altars were meant to be the one and the same, in all 
cases though expressed differently, then we shall have 
the following approximations to the values of s/ 5 and \/2 : 

Vo = 2|, 2i 2f , . 

= 2-4, 2*333... , 2*285... , 2*16. 

V2 = Ij, 1-Jf, ly, 

= 1*2, 1*166... , 1-142... , 1-44. 

Since according to modern calculation V2 = 1*414213... 
and V5 = 2*23607...., none of the above values can be 
said to be a fair approximation, perhaps except the values 
V5 == 2f and V2 = which are correct up to the first 
place of decimals. 

Evaluation of Other Surds. 

In the Manava Sulha, we find results leading incident- 
ally to the evaluation of two other surds : 

302 + 90^ = 97^ 

52 + 61^ = (7|)2. 


Whence we easily obtain 
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Now correct lip to three ■places, of decimals a/2.9 =,5*385... 

.and. : a/GI .= 7*810... Hence the ■ above approxiiiiations, 
specially the first one, may be said to be fair for 
ordinary purpose. 

Approximate Formula. 

It would be natural to ask if there is in the Stilba' any 
specific rule for determining the approximate value of any 
surd. But the answer is not very reassuring. For we do 
not find an express statement of any formula for the 
purpose. At the same time we can unhesitatingly admit 
that they had the necessary equipments for the approxi- 
mate evaluation of surds, at least of some. We have 
pointed out before that in the science of the Sulba, it is 
sometimes necessary to construct a square having a given 
area. And that is a geometrical method of finding the 
square-root of a given number. If the given area is 
represented by a non-square number, we get a method 
finding the square-root of a non-square number. One 
formula follows at once from the method given in the 
Aulba for the transformation of a rectangle into a 
square, which has been described before. According to 
this method, a square (having its side equal to the breadth 
of the given rectangle) is- first cut ofi from the given rect- 
angle; the excess portion is divided into two halves which 
are then joined to the two sides of that square. Then 
by adding a small square in the corner, a large square 
is completed. The square equivalent to the given 
rectangle will be obtained, it is said, by subtracting the 
added small square from the completed large square. This 
subtraction was doubtless made by the Sulba-workers 
with the help of the theorem of the square of the 
diagonal. But it can also be made by cutting ofi two 
strips from the two sides, say, the east side and the south 
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side of the completed large square. ^ Suppose A to be the 
area of the given rectangle and a be the side of the 
square subtracted from it. Then the side of the large 

A r 

■completed square will be a 4- •. The area 'of the 

2a 


small added square will be 




Then from each 


side of the large sphere we shall have to cut off a thin strip 
of the same breadth. If a? denote the breadth of the 
strip, we must have 


A “ 

2a 




or 


/ , A — a^ \ 


neglecting as being very small. Hence we finally arrive 
at the formula 


's/ A = a 4 * 




/A— \ ^ 

) 


2« -/ A-a^\ 


This formula requires a correction, it will be easily 
recognised, inasmuch as a portion equivalent to has 
been subtracted too much. 


1 The process is in fact the reverse of that taught in the ^9tilba 
for the increment of a given square into another square. 
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The rule of the Bakhshail’ Manuscript, for 'determiairig 
the approximate root of a; non-square num'ber must ' have: 
been obtained exactly in this way. It says ^ 

' ' “ In case of a non-square (number), subtract ' the 
nearest square number; divide the remainder by twice 
'(the root of that number). Half the 'square of that ■ (that, 
is, the fraction just obtained) is divided by the sum of 
the root and the fraction and subtract ; (this wiil be the 
approximate value of the root) less the square (of the 
last term).’' 

If A = we write the above formula as 


\^A = ~ 


+ j; _ 

2a 2 (a -f r/2a)‘ 


Now this formula will not be available for finding the 
approximate values of those surds in which r is not small 
compared with a^. So Eodet ^ holds that a diSerent 
process of approximation to the value of a surd was also 
known to the authors of the Siilha, It will lead to the 
formula, says he, 



^ Bibhutibbusan Dafcta, “ The Bakbsliall Mathematics,” BulL Cal. 
S'oc., XXI, 1929, pp. 1-60. 

3 L. Eodet, Sar une methode d ’approximation des recines cares 
conne dans I’lnde anterieurment a la conquite d’Aiexandre, Bull. 
Soc. Math. d. France, VII, 1879, pp. 98-102; “ Bur les m^thodes 
d 'approximation chez las anciens .’^ — JHit pp. 159-167* 
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-r 2 |^(T 


+ 


2a + 1 


2a“{- 


i) 


2a + 1 




A nearly equivalent formula will be obtained by 
proceeding in the following way : From the given rect- 
angle cut o:ff the square iS) of side a each. Let the 
area of the remaining portion of the rectangle be r. Prom 
this cut off two strips I and II of the same breadth 
r/{2a + l) and arrange them as in Fig. 78, Then 
the area of the strip of the rectangle still left over will be 


r f 

r- 2a X — =5 

2a'f 1 2a +1 


u 

rrrp 

III 






Ill 

s 

I 

J! 

IV 






a . ... •' 


Fig:- 78 
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Complete, tlie, .larger square by adding, a, portion 'III .wMob 
is deducted, fro,m r j (2a. 4* 1),. : ■■ Then the, area of , IV 'will ,be 


■ ’■ _ 1 

f "-1 

2 

1 = ’’ I 

fi- ' ) 

2a + 1 

\ a+l/ 

2a + l 

\ 2a *4" 1 / 


. Now this portion can be utilised in increasing the side of 
the, square obtained before , If the increment of the .side 
be then we must have 


Wri ( 


2 a + 

Therefore, approximately 


2« + i 


y 


2a + 1 




2a +1 

Heace the side of the equivalent square is nearly 


. r . 2a + fW 2a + l 

a + „ r- + 


2a + 1 




This is a little too great. So decrease the square by 
cutting off a strip of breadth e from either side; then 




2a "h 1 


2a+l ) } 




_ f 2a +i; |:^ -- :^ ) 


\ 



whence, 


Thus we 

VA = 
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we get 


I ik(.L-jki ) 1 




(I -f 


, 2a 4-1 




2a + 1 
have finally 


H 


a + 


. 2a 4* 1 


= a 4 — 4 
2a 4 1 


2a4l\ 


2a41 


(a 


4 


2a 4 1 


nearly, 



, CHAPTEE :XVI . 

Ebactions and Other Minor Matties 
Terniinology , 

Stdbaras^ later Hindu mathematics, , tEe 
fraction is called amsa, hhdga, meaning ‘‘part/^ 
^‘portion/' Once in the Afastantha ^^ulba and Kdtijdyana 
each, ii is called This term is interesting 

inasmuch as it was used as early as the Bgveda ^ to denote 
particularly a sixteenth part. It is also employed symboli- 
cally for the number sixteen. The unit fraction is indicat 
ed by a compound of either of those terms with a cardinal 
number, n.gr,, pancadasa-bhdga=^lll5 (ApBh x, B; KSh v. 
A); tn-hMga==l IB [KSl) or with an ordinal number, e.g., 
panoama-hhdga =l/'5 {ApSl, ix. 7, x. 2; KBl, v. 6). Often- 
times in the latter case, the word hhdga is omitted, so that 
we have only an ordinal to denote a fraction, e,g,, paficarna 
(or ‘ ‘ fifth *') = i /5, dvadasa (‘ ‘ twelfth ' ^ /12 , frayodasa 
(* ‘thirteenth'') = 1/13, etc. ^ 

In the Md.nava Btdha,^ we find a few very strange and 
unusual instances where dvi-guna, iri-guna and catur-guiia 
are employed to denote, respectively 1/2, 1/3, and 1/4. 
But there we also meet with such usual use as dvi gum = 
2-times, panca-guna = 5-times.^ The former are, indeed, 
highly ambiguous applications. 

It is much noteworthy that the authors of the ^Sulba 
did not restrict themselves to the use of unit fractions 
only, as is known to have been the case with the early 

I A:p^U iii* 10; KSI, iii. 11. Compare also Ghdndogya Upanisadf vi. 
7. 1. 2 viii. 47, 17. 

3 i. 61, n. 67 ; ApSP, is. 7, xii. 1, etc. It should be noted that 
dvadasa, sodasa, etc., are also used in the cardinal sense. 

« MdSl, Y. 5. Ibid, a. 5, 6, 
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•Egyptian, . Babylonian., .and ■Chinese mathematicians.’^ 
In the Sulha^ the unit fraction has not, indeed, any 
special significance attached to it. We find in them the 
frequent use of the general fraction. Their mode of 
expressing it is exactly the same as that of later Hindu 
writers. Thus 3/8 is called tri-astama (“ three-eighths 
2'/'7: dvi~saptama ( ‘‘two-sevenths Katyjly ana mentions 
14| prakramas as catutdasa prakmmdn tnrrisca pradtrmna- 
Baptahhdgdn (or ''M and three of the seventh 
parts of a prakrama 3/4 is sometimes called catiir- 
less one-fourth that is, 1 — 1/4. 

A peculiar mode of expressing certain fractions is some- 
times found in the Sulha, e.p., ardha-navarria, which 
literally means “ containing a half for its ninth,'' is used 
to denote “ eight and a half ardha-dasama (“ contain- 
ing a half for its tenth) " = and so on.^ Such 
a term evidently carries with it the concrete concept of the 
operation of measuring. 

A fraction of a fraction is indicated in the usual way 
thus: jdnoh paflcamasya caturvimsena = “by of 1 of a 
jdnu.*'^ Eurther caturtha-savisesdrdha = | ( 1 ^^2 ), 
caturtha-savUesa-saptania = f (1 v'2).^ 

Operations ivith Fractions. 

In the Sulha, there are instances showing fundamental 
aidthmetical operations with elementary fractions. For 
example, it is stated in the Baudhdyana ^^ulba:^ 

B. E. Smith, History of Mathematics, in two volumes, Boston, 
1925; Vol. II, pp. 208 ff. 

2 A’pSt, xix. 2, 6. *3 vi. 2, ^ Apl§h xv. 5, six. 1. 

5 Bit, ii. 1-3; ApSl iii. 8; ii. 1-2. 

® BSl, Ii. 13. ^ KpBl, sis. 4, 7. 

8 iii. 106. Compare also B31, iii. 238-9 and sviii. 3 

which give 
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; One,, hundred. , eighty-seven and a half square bricks 

of sides (equal to) one-fifth of a piirusa make up the 
seven-fold, /1pm with the two aratnis and the pradesa.'A 
' Here the area of each brick is' l/2fi of a square purusa; 
so the number of such bricks required to cover an area of 



square purusas will be 




W 

2 " 


X 25 = 1871 


Thus it is an instance of division of fractions. Or the 
same result may have been obtained in a slightly different 
way which is, indeed, a simplified method of division. 
Since the area of each brick is 1/25 of a square purusa, 
one square purusa will contain 25 such bricks. Therefore 

an area of 7^ square purusas will contain 
7|-x25 = 187 | . 

bricks. If the area of each brick be “ One-fifteenth of 
half of a square purusa,'' says Baudhayana,^ the number 
of bricks used will be 225. That is, 

l=¥"S. = f = 


In describing the Dromcit, Baudhayana writes 
‘'Its body is a square; its side is three purusas less 
one-third. On the western side of the body is the handle. 
Its length east-to-west is half a purusa plus ten anguiis 
and its breadth north-to-south is one purusa less one-third. 
Thus is rnade the sevenfold Agni with the two aratnis and 
the pradesa." 

2 Bl§h iii. 219-224. 


i B^L iii. 188-9. 
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That is, 
,1 


^3 — ^ ^ purusas ^ 


/— square purusas 
"f purusa + 10 ahgulis ^ x i ^ purusa I* ; 


the right-hand side, in square purusas 


.2 


i " 1-2 )(' - 5 )■ 


71^7 2 
= llV’ 



The spatial dimensions of the constituent parts of the 
Fire-altar of the shape of the falcon with bent wings and 
spread-out tails have been described by Apastainba as 
follow: 

Of the whole area making the seven-fold. Ag^ii with 
the two aratnis and the pradesa, take off the pradesa (from 
the tail), and the fourth part of the body together with eight 
quarter bricks. Of these latter, (use) three for the head, 
then divide the remainder between the two wings/' ^ 
Now, as is well-known, the body of the primitive Fire- 
altar of the shape of the falcon measures 4 square purusas, 
each wing 1 x iT square purusas and the tail 
square purusas. On taking out the pradesa (= 1/10 
purusa) from the tail, there will remain 1 square purusa. 
The body will be reduced by 

4 X i + 8 X -i square purusas ; 

4 16 

1 SpSU XV. 3. 
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■there will then remam 


,4 




2 ^ sguare purusas. 

..A 


Of .the former with 3xi square, porusas is formed the 

16 

^head and the .remainder 


4 . 8 ' "3 ■ , 6 ■ 

4 ^I6"i6= lie square pumsas 


together with d ^ ^ square purusas from the tail is 

di?ided equally between the two wings. Each wing will 
therefore measure 


1x1 




square purusas. 


16 lOj 

Henoe the total area of the Fire-altar will be, in square 
purusas, 

„1 


1 4.'. 2 4- ' — 4- 2 

2 16 


{ 


il . 1 /l 5 , 1 

^5 ■"2-r 16'^ro 


)} 


Of the squaring of a fraction, we take the following 
example from the Apastamba Sulbai ^ 

A oord l |- purusas long produces (a square of) 2^- 

(square purusas) ; 2 ^ purusas produce 6- (square puru- 

' ^ . i- '■ ■ ■ 4 ' 

sas).'' 

That is, 


If Sly iii 8. 
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I 



Baudhiiyana states, on the contrary, that the side of a 

■ 1 2 

square, measuring T - square puriisas is ' 2— purusas, in 

tJ o 

length.^ That is 



Progressive Series, 

In the manner of laying out bricks described in the 
Sulba, we find a few interesting instances of progressive 
series. Apastamba writes : 

‘‘On (the occasion of) the first construction, (the 
altar-builder) should construct (the Fire-altar) knee-deep 
with 1000 bricks; on the second, navel-deep with 2000 
bricks; on the third, mouth-deep with 3000 bricks. (The 
number of bricks employed in constructing the Fire-altar 
becomes thus) greater and greater on each successive 
occasion. He who constructs to attain the Heaven, 
(should thus construct with) great, high and unlimited 
(mahdntam hrhantam aparimitam) (number of bricks); 
so it is known (from the ancient scriptures). ’’ ^ 

Thus we have the A. P. 

1000, 2000, 3000,... 

Eeference to this progressive mode of successive construc- 
tion of the Fire-altar is found as early as the Taittirlya 
Samhitd (c. 3000 B.C.).^ It reappears in the Satapatha 
Brdhmana and Apastamba expressly admits to have 
borrowed it from that work,'^ We find there another 
noteworthy instance which shows that it was very likely 
known then how to sum up a series in A. P. 

1 BSh iii. 220. 

2 ApSl, X. 8 ; see also ApSr, xvi* 13. 11-2 ; ii. 26. 

3 TS, V. 6. 8. ‘2-3. 
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■ .'“ But., -indeed, that Fire-altar- also is the l^Ietres; i'or 
there are se¥eii of these metres,' ' increasing by four syl- 
lables; and the triplets of -thess mate' seven hundred and 
twenty syllables, and thirty-six in addition thereto/’ ^ 

.;It has been stated elsewhere inAlie saiiie work that 
the shortest metre is the Gdyairl with 24- syllables. Thus 
■we are giv'en the, first term ■(24)-, the common rjiherenee (4) 
and the number of, term {!) oi a series in A. P. ' - Then its 

Sum =1 {2x24 + (7-1)4} 

A 

= 252. 

So the triplets of these metres will consist of 750 {= 252 
IxZ) syllables, which are equal to 7204-36 as stated. 

From the method indicated by Baudhfiyana “ for 
constructing larger and larger squares, starting with a 
smaller one, by adding successively gnomons to it is clear 
that the following series was known to him. 

1 4- 3 4“ 5 Hh 7 4“ Hr* (2?t -f- 1) = 



Fig. 79 

Factorisation. 

The true significance of another passage is not quite 
clear to us unless it is some mystic expression of an 

i SBt, X. 5. 4. 7. Bggeling’s translation. -2 ^.^pra, pp. 125 

^ Compare Mailer, /o<j, ext., pp. 200 f. , 
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attempt to find all the possible factors of a number. 
The ^atapathci Brahmana says : 

‘‘ Now in. thisPrajapati, the year, there are 720 days and 
nights, his lights, (being) those bricks; 360 enclosing stones, 
and 3^ bricks with (special) form.ulas. This Prajapati, 
the year, has created all existing things, both what 
breathes and the breathless, both gods and men. Having 
created all existing things, he felt like one emptied out, and 
was afraid of death. He bethought himself, 'How can I 
get these beings back into my body? how can I put them 
back into my body ? how can I be again the body of all 
these beings ? ’ He divided his body into two ; there were 
360 bricks in the one, and as many in the other : he did 
not succeed. He made himself three bodies, — in each of 
them there were 3 x 80 of bricks : he did not succeed. He 
made himself four bodies of 180 bricks each: he did not 
succeed. He made himself five bodies, — in each of them 
there were 144 bricks : he did not succeed. He made 
himself six bodies of 120 bricks each : he did not succeed. 
He did not develop himself sevenfold. ^ He made him- 
self 8 bodies of 90 bricks each : he did not succeed. He 
made himself 9 bodies 80 bricks each: he did not 
succeed. He made himself 10 bodies of 72 bricks each: 
he did not succeed. He did not develop elevenfold. He 
made himself 12 bodies of 60 bricks each: he did not 
succeed. He did not develop either thirteenfold or 
fourteenfold. He made himself 15 bodies of 48 bricks 
each: he did not succeed. He made himself 16 bodies of 
45 bricks each : he did not succeed. He did not develop 
seventeenfold. He made himself 18 bodies of 40 bricks 
each : he did not succeed. He did not develop nineteenfold. 

1 The text ^ literally means did not become divided 

into seven (parts).” 
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He m,ade himself 20 bodies of 36 bricks each he, did not 
succeed. ' He did not deTelop. either twenty-onefold,, or' 
twenty-twofold, or twenty-threefoldb , He made himself 
24 bodies of . 30 bricks .each. There he stopped, ■ at ihe 
fifteenth; and because he stopped at the fifteenth arrange- 
ment there are fifteen 'forms of the waxing, and fifteen 
of the waning '(moon).*’ ^ 

The significance of stopping after the fourteenth opera- 
tion is obvious. For after that there will be the repetition 
of the previous factors. 


^ A$Br, X. 4. 2, 2-17. The feranslation is substaatialiy due to EggeP 
ingi. We have only introduced the ciphers for the numbers in words. 



APPENDIX 

Some Technical Terms of the Sulba 

Line of Symmetry of the Vedi, — Every one. of tiie altars 
of various shapes, that have been described, in the.' Stilba^ 
has a line of symmetry. Some which are square, rectan- 
gular or circular (with or without spokes) have, indeed, 
rn.ore than one such line. But primary importance is 
always attached even in those cases only to one of them. 
That line of symmetry of an altar is technically called thq 
prsthyd. This term is derived from the word prsfJia (or 
*‘back *') and so means “ the line marking the back or 
rather the back-bone of the altar/' It has its origin in 
the comparison of the altar with an animal which occurs 
repeatedly in the Samhitd mi Brahmana. For instance, 
the To^itiinya Samhitd observes, “The Fire-altar is an 
animal."^ 

Configuration of the Vedi. — A sacrificial altar is built in 
such a configuration as to place its principal line of sym- 
metry always along the west-to-east direction. Hence 
it is also called the prdol, or 'The eastward line." This 
line, as has been already observed, is of primary impor- 
tance in the geometry of the Bulba, For all constructions 
are described in the Bulba invariably with reference to it. 
The sides of an altar lying on either sides of its prdci, 
whether parallel to it or not, are called its pdrevamcmi, 
from pd?%bTa= “side" and “measure," and hence 

meaning literally the “side measure;" those which are at 
right angles to the prdoi are called the tiryahmdnl or the 


1 TS, Y. 2. 10. 1. 
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transverse measure,*' from tiryak^ “transverse,** , mmia — 
‘‘measure/-* /The latter term is oftentimes called in short 
tiryaki iirmolna or tirasGi (“transverse’*) which are some- 
times further abbreviated into tircih. These terms are very 
old and occur in the earliest literatures of the Hindus/ 
The transverse sides are again distinguished into paicdttU 
mscr { “the western transverse side”) and pufastUtirasGi 
(“ the eastern transverse side**)/ The former is also called 
the muhha (= “the face”) and the latter the pada (= “the 
base”) of the altar, 

ime,— The line is called in the Sulba, lehhd or rekhd, 
both the terms being identical, as, according to the rules of 
the Sanskrit Grammar, the alphabets I and r can be re- 
placed mutually, A straight line is distinguished as rju- 
lekhd, rju meaning ''straight/'^ 

Beeiilinear Figures.— In the /StiZ6a,we discern two diSer- 
ent systems of nomenclature for the rectilinear geometri- 
cal figures/ In one system the naming is according to the 
number of angles or corners in the figures, and the names 
are formed by the juxtaposition of the number names with 
asra or asra which ordinarily means ‘ ‘corner, ’ ’ ‘ ‘angle, ” 
e.g^i tryasra (“ triangle**), cafwasm (“quadrangle”), 
etc. These names were introduced in the time of the 
Srauta-suira ic. 2000-1500 B.C.). Still older names were 
compounds ending with srakti ( = “ angle,” “ corner **)* 
Thus the name catuhsraktit which literally means, 
the “ quadrangle/* occurs in the Vajasaneiji Bamhiid, 

^ For instance see TS', vi. 2.4.5 ; iii. 8.4 ; vii. 1.1.18 ; 

etc. ; ■ 

BSl, 112. 16 ; TS\ vl. 2A.5. 

3 BShilW. 

For fuller information on this point, see the author's article, On 
the Hindu Names for the Eectilinear Geometrical B’igures/ in the 
Journal of the Asiatic Society of Bengal, H.S., XXVI, 1930, pp. 283-290. 



technical:, terms 


223 


Taitiinya BamJiita, Satapatha Brdhmana, Apastamba 
Srautci, Bauclhdyana Bulba and other works. In the 

we find the term navasrahti referring to the ‘‘nine 
corners’* of the heaven. In the Kdtydyana Bulba Pan- 
sTsfa,^ we have compound names for rectilinear figures 
ending with harm. The Sanskrit word liarna means the 
“ear. ’ ’Applied to geometrical figures, it implies the ‘ ‘angle’ ’ ; 
hence triharna = ‘ ‘triangle, ’ ’ paficaharria = ‘ ‘pentagon . ” 
The word J^ar^a degenerated into kona in the Prakrta langu- 
ages. So in the Ardha Magadhi work Silryaprajnapti,^ we 
get the names irikona (=“trigonon“), Gatuskona (= “tetm- 
gonon”), pancakona (=“ pentagon”) etc. These terms 
are, however, accepted in later Sanskrit literature.^ The 
term aha or asra in a compound name sometimes denotes 
the “side” Thus Baudhay ana once described a square 
as oatuhsrakti (“four-cornered”) and sama-caturasra 
(“equi- four-sided”).'^ So the terms tryasra, caturasraf etc., 
will also mean respectively ^ ‘trilateral, ’ ’ ‘ ‘quadrilateral, ” 
etc.^ Thus we get a second system of naming retilinear 
geometrical figures according to the number of sides they 
possess. - 

An isosceles triangle is denoted by the term prailga. 
This word is probably derived from pra + yuga , meaning 
“ the forepart of the shafts of a chariot.” A rhombus is 
similarly caiied iihhai/ata^ prauga (“praiiga on both sides”) 
inasmuch as it is divided into two praiigas by a diagonal. 
Both these terms are as old as the Taitiinya Samhitd^ 

1 KSIP, iv. 7-8. 

2 Suryaprajnaptii Sutra 19, 25. 

3 See for instance, the Parisistas of the Atharva-veda, xxiii. 1. ; 

xxy. 1, 3, 6, 7, etc. ; AHhaUstra of KauHlya, ii. 11. 29. 

4 BBkL 79. 

& TS, T. 4. 11, 
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and coBtinued to be used in 'the same sense in 'posterior 
worts, the Bmhmana Bxxd Srauta inolnding Sulbu,,. 

' A square ' is generally called Bama.caMvasm {sama^ 
i*,equaE’);It is oftentimes, of course when there isnO'Chanee 
of ambiguity the context being clear, shortened into caiur 
msra,^ and occasionally even into simple sama.^ Thibaut 
is responsible for the opinion that in the term "Sama-catu* 
r asm, the word Santa refers to the equality of four sides 
and caturasra implies that the four angles of the figure are 
right angles.^ A more plausible interpretation would he 
that sama refers to the form or shape of the figure which 
is to be the same in every respect, caturasra implying a 
quadrangle or quadrilateral. It will then be consistent 
with the term dlrgha-caturasra for the rectangle,'^ which 
signifies that the form of the caiurasra is, in this ease 
dirgha (or “longish*'). The rectangle is sometimes called 
in short the dirgha.^ The term for a quadrilateral of un- 
equal sides is the visama-caturasra (literally, “ in- 
equilateral quadrilateral*')* But in contradistinction from 
the mma-caturasra or the square, that term may denote 
also the rectangle.® 

When all the angles of a polygon are equal, it is said to 
be of eha-haraa (literally, “one-angled") variety; and when 
not so, of (literally, “two-angled") variety, imply- 

ing that in this variety the angles of the figure are of more 
than one size).’' 

The diagonal is called the ahsna or alcsnayci ('‘ that 
which goes across^or transversely, " that is, *‘the cross- 

t BSl, i. 22. 50. 51 ; ApSl, i. 5 ; ii, 4- 5 ; etc. 

2 A'pSl i. 5, 

^ Salvasutras, p. 1. 

4 BSl, 3. 36. 88 ; ApSl, ii. 7 1; etc. 

^ ApBl, 3. 4. 

See KSI, iii. 4, 

? Vide supra p. 81, foot-note 2, 
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line’*)^. III. relation to the instrument of measurement, 
it is sometimes designated as the ahsnaya-raf]ii (“ the dia- 
gonal cord'O^ and at other times the ahmayd-venu (“ the 
diagonal bamboo-rod’').^ The diagonal is also denoted by 
harna^ meaning “ the line going across the angle” or '‘ the 
line going across from corner to corner.”'^ 

Circle. —In the a, the circle is designated the ?waa- 
ckda ( ‘ ‘round ”) , pari- fnandala ( ‘ ‘round on all sides ’ ’) ; ^ 

the circumference, parindha'^ (“ bounding line on all 

sides”), and the diameter, viskamhlia^ or vydsa 

(“ breadth”). The centre of the circle is called madhya 
("middle”)- But this term is also used in more general 
sense for the middlemost point of a square or rectangle, 
or of a line.^'^^ The segment of the circle is denoted by the 
term pradlw.^^ 

It is perhaps noteworthy that the direction of rotation 
was used to be indicated in the Vedic Age by means of an 

I i- 52 ; iii. 55. 65 ; BlSr, x, 19, xix. 1. Compare BV, viii. 
7.35 5 ii. 5. 

Rama, the commentator ot the Kdtyayana Sulbat is of opinion that 
this line is so called becaase it divides the figure into two ahfi or “eyes”; 

••• ^cTI ft 

%Tr^T I 7 (Com.) 

3 B.S?. i. 50, Ip.*?/, i. 325. 

3 .I'p.S;, ix. 3. 

■* BSr, xix. 1 ; KSr, xvii. 6. 3. 

5 B5;, i. 23, 24, 58, 59 ; .IpS/, iii. 2, 3. 

K ApSl, vii. 6. 13 ; BSl, ii. 63. 70. 

7 BSl, i. 113. 

8 BSl, i. 23. 25. 20 ; ApSl, iii ; ApSI, mi. 10. 

9 BSl, i. 58-, .T5J. iii. 2. 

BSt,i. 56, 57, 73 ; ApSl. ii. 1. 

II BSl, ii, 71-2. 
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arc of a circle Tery likeiy with aa 'arrow-liead at one extre- 
mity.. ' Thns we have the , terms dahsinavria lehhci { ‘ ‘the 
line taming rotationally to wards the right ' and savya- 
vrfM leMid ( ' %he line turning rotationally towards the 
leftt').^ Again a rotation is called daksmd-fmhy if it is 
towards the east by the south, and daksmd-pmtyak, if it 
is towards the west by the south. ^ 

Area. — ^In the early Hindu geometry a figure is general" 
lydenoted by the term kseira^ and its area by bhumi.'^ 
Occasionally, however, the term ksetra is employed also in 
the sense of an area."*^ 

Fundamental Operatioyis . — Addition is called saindsa 
(“putting together'') and the sum obtained samasta 
(“whole,*' “ total* *).^ Subtraction is called nirhdra 
(“deduction**) and the remainder sesa.^^ Division is 
hhdgat vibhdga. One term deserves special notice : it is 
ahhydsa. This word, formed from abhi and dm, means 
radically “repetition,** “reduplication.” It then came to 
denote, in its various declinations, the operation of addi- 
tion'^ as well as of multiplication.® Whence it seems 
that the early Hindus recognised multiplication to be a 
kind of addition. 

1 ii. 30.31. 

2 ApSI, viii. 9-10. 

^ BSr, xis. 7-9. 

* BSr. xxvi. 25 ; BS'l, i. 56, 57, 32; ApS!, i. 5. KSl. iii. 11. 

5 See i. 69 ; .-IpB/, ii. 4. 

6 BSl, i, 58 ; KpSlS, ii. 6. 7. 

7 BSl, ii. 4. 9. II ; I-pSl, i. 9, 2 ; ii- 1. 

S jipSl, V, 8. 


BIBLIOGEAPHY OF THE SULBA 

I 

The following works on the 3ulba and their comment- 
aries j published and unpublished, have been made use of 
in this bookA 

1 . Baudhdyana Sulba: 

This work was published by G. Thibaut with English 
translation, critical notes, extracts from the commentary 
of Dvarakanatha Yajva and a few diagrams, in the Pandit, 
a monthly journal, now defunct, of the Sanskrit College 
of Benares : Old Series, IX and X, 1874-5 ; New Series, 
I, 1877. The text is printed in the Baudhdyana Srauta 
Sutra, being the 30th Chapter of it, edited by W. Caland, 

1 In the collection of the Calcutta llniversifey, there is a good number 
of transcripts of the works on the Sulba and their commentaries. We 
have noted below, along with them, the original manuscripts from which 
they have been transcribed. The key to the abbreviations used is as 
follows : 

Ady. Lib. = Library of the Theosophical Society at Adyar, Southern 
India. 

Asiat. Soc. Ben. = Asiatic Society of Bengal, Calcutta. 

Bhand. 0. Inst. = Bhandarkar Oriental Institute, Poona. 

Bom. Br. Eoy. Asiat. Soc. — Bombay Branch of the Eoyal Asiatic 
Society, Bombay. 

Bom. Univ. — Bombay University. 

Ind. Off. Lib. -Library of the India Office at London. 

Mad, 0. Ms. Lib. -Government Oriental Manuscripts Library, 

Madras, 

Mys. 0. Ms. Lib, -Government Oriental Manuscripts Library, 
Mysore, 

Tanj, Pal Lib . - Palace Library of the Maharaja of Tanjore, 
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iu three. .volumes, .'Calcutta, 1904, .'1907, ,1910. Besides 
these printed works, the manuscripts consulted are : 

, (I'l)' Text o.nly : ■ ' 

. C. U. 21 

(1’2) Text with the commentary, entitled Sulbd'Mpihay 
o! Dvarakanatha 'Yajva : ' 

C. U. 15 ( = Tanj. Pal. Lib., No. 3748B). 

C. U. 15 (a) (=TaQj, Pal. Lib., No. 3742, collated 
with No. 3743B). 

0. U. 21 ( = Tanj. Pal. Lib., No. 9160(5), collated 
with No. 3743B)> 

(1*3) Text with the commentary, Sulba-mhnchnsd, 
ofVenkatesvara Diksita: 

C. U. 42 {=Bhand. O. Inst., No. 96 of 1891.95). 

2. Apastamhci Bulha: 

This has been edited and published by A, Btirk, with 
German translation, notes and comments, helpful extracts 
from the commentaries of Kapardisvami, Karavindasvami 
and Sundararaja, and diagrams, together with a masterly 
introduction, in the Zeitschrift der deutschen morgenldn- 
disohen Gessellsckafty LV, 1902, pp. 543-591 ; LVI, 1903, 
pp. 327-391, Manuscripts consulted are : 

'(2'l) .Text only : , ■ 

G. U. 16 (=Tanj. PaL lAb.v No. 884 
G. U. 27(=Bom. Univ.y. 

G, V, 84 (=Ady. Lib.). , 

(2*2) Text with the commentary,^ of 

Kapardisvami: 

C. U. 1 (=Mad. 0. Ms. ...'Lib.;’ :N g'.' 777 collated ■ with 
No. 151 (5) )' 
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C. U, 17 ( = Tanj. Pal. Lib., No. 3851). 

C. U. 52 (=Mad. 0. Ms. Lib.). 

C. U. 54 (=Mys. 0. Ms. Lib.). 

(2.3) Text with the commentaiy, Bulba-pradipika, of Kara- 
vindasvami ; 

C. U. 18 (=Tani. Pal. Lib., No. 3852), 

C. U. 31 ( = Ms. of Pandit Gopal Desikacarya of 
Kumbhakonam) . 

C. U. 49 (=Mad. 0. Ms. Lib.). 

C. U. 50 {=Do. another copy). 

C. U. 53 (=Mys. 0. Ms. Lib,), 

(2’4) Text with the commentary, Sulba-pradlpa, of Sun- 
dararaja : 

C. U. 10 (=Ms. of Pandit Gopal Desikacarya of 
Kumbhakonam). 

C. U. 19 (=Tanj. Pal. Lib., No. 9160 (a)"). 

C. U. 20 (=Tanj. Pal. Lib.. No. 9160 (a) collated with 
9172 (a) ). 

C. U. 32 (=Ady. Lib.). 

C. D. 83 (= Do., another copy). 

C. U. 43 (-Bhand. 0. Lib., No. 23 of A 1879-80). 

C. U. 44 (=Mad. 0. Ms. Lib. No. B 911 (a). 

0. U. 51 (=Mad. 0. Ms. Lib., No. 5812). 

0. U. 55 (=Mys. 0. Ms. Lib.), 

(2 '5) Text with the commentary, Apasiamhlya Sulba- 
bMsya, of Gopal. 

(3) Edtydyana iSulba : 

A portion of this work, only the first two chapters, 
was published by G. Thibaut with English translation and 
the commentary, entitled the Sulba-suira.vrtti of Eama 
(c. 1450A.D.) in the Pay,dit, New Series, IV, 1882, 
Manuscripts consulted are; 

(3.1) Text only : 
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' ; G. U., 41 ( = Bhand, 0. Inst,, No 74 of A 1881-82). It 
contains also the transcript of the MS. of the PariSisfa of 
KafAjdyana Sulba in the Ind. Of. Lib., No. E 863. 

C, U. 45 ( = Bom. Br. Roy. Asiat. Soc. Lib.). 

(8*2) Text with the commentary, Sulba-^utra-vivarana, of 
Mahidhara (1589 A.D.) : 

C. U. 41 (=:Bhand. 0. Inst., No. 368 of 1883-84). 

C. U. 46 (=Bom. Br. Roy. Asiat. Soc. Lib.), 

4. Mdnava Sulha : 

C. IJ.. 23 (=Asiat. Soc, Ben., No. L E. 17) ; the text 
with the commentary of 8 ivadasa. 

C. U, 29 ( = Bom. Univ.) ; the text only. 

5. Maitrdyanlya Sulba : 

0. U. 47 (=Bom. Br. Roy. Asiat. Soc.) ; the text with 
the commentary of Sankara. 

6. Vardha Stilba : 

C. U. 80 ( = My8. O. Ms. Lib.). 

II 

Following is a list of articles dealing primarily with the 
mathematics in the : 

(1) Biirk, A. — “Das Apastamba Sulva-sutraG’ Zeiischrift 

der deutachen movgenldndischen GeselUcJiafti LV, 
1901, pp. 543;591; LYI, 1902, pp. 827-391. 

(2) Cantor, M. — “ tJber die alteste indische Matho- 

matik/’ Archiv der Maihematik und Physiky 
YIII (3), 1905, pp. 63-72. 

(3) ,, — “ Grako-indische Studieh,*' Zeiischrift 

fur Maihematik und Physik, XXII, Hist. Lit. 

(4) Batta, B — ‘'The Origin of Hindu Indeterminate 

Analysis, ArcMon, XIII, 1931, pp. 401-7, 
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(5) Levij B.- — “ Observazioni e congetture sopra la 

geometria degli Indiani, ' ' BibliotheGti M athenia^^ 

IX (3), 1909/10, p. 97. 

(6) Mazumdar, N. K.— “ Manava Bulba Siltram/’ Jour- 

nal of the Department of Letters in the Calcutta 
University, VIII, 1922. 

(7) ,, — ‘‘On the Different Sulba Sutras/’ Proceedings a/rul 

Transactions of the Second Oriental Oonference, 
Caicuttaj 1922, pp. 561-4. 

(8) Milhaud, G.— “ La geometric d’Apastamba,” Revue 

generale des Sciences, XXI, 1910, pp. (512-520. 

(9) Mliiler, C.— Die Mathematik der Bulvasutra, ” 

Ahhund. a. d. Math. Sem. d. Hamhung. IJniv., 
Bd. VII. 1929, pp. 17B-204. 

^(10) Thibaut, G. — “ On the Sulva-sutras,’* Journal of the 
Asiatic Society of Bengal, XLIV, 1875, pp. 227- 
275, 

(11) ,, — “The Baudhfiyana Bulva-sutra, The Pandit, 

Old Series, IX, X; New Series, I. 

(12) ,, — “ The Katyayana Bulva-sutra; ’’ The 

Pandit, New Series, IV. 

(13) Vogt, H. — “ Der Pythagoreischen Lehrsatz in der 

altesten Geometrie der Inder,” Schleischc Gesells-^ 
chaft, Jahresherichte der Math. Sec, LXXXIV, 
1906, pp. 3-4. 

Haben die alten Inder den Pythagorsis- 
chen Lehrsatz und das Irrationale gekant 
Bibliotheca Maihematica, VII. (3), 1906/7, pp. 
6-23. 

(15) Weber, A. — “ Zur Kenntniss des vedisohen Opferri- 

tuals,'’ Indische Studien, XIII, pp. 215-292. 

(16) Zeuthen, H. G.— Sur TAritbrndticiiie Gdometrique 

des Grecs et des Indiena,*' Bibliotheea Mathenia- 
fica, 1904, pp. 97-112. 
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(17). ; Zeiitbea,' H. G. — -'*■' Theorfeme -de Pytliagore, Origine 
de la Geometrie' scieBtifique,*' . Emdun 

: du..Ilme CongreB intem^Eionale de Philosoidiie, 
Gen^Ye, : 1904. ■ ■ ' . ' 

■ ' 'III 

Valuable'information on the subject can also be had 
from the following standard works and articles : 

(1) Cantor, M,—GeBc]iichte der Mathemaiik, pp. 6B5» 

'■■•■645... 

(2) Datta, B. — “ Hindu Contribution to Alat hematics/’ 

Biilletin of the Mathematical Association of the 
University of Allahahadt I to II, pp. Iff. 

(B ,, The Scope and Development of the 

Hindu Ganita,” Indian Historical Quarterly, V, 
1929, pp. 479-512. 

(4) Dutfc, K. C. — A History of Civilisation in Ancient 
India, revised edition, London 1893, I, pp. 260 ff. 
5) Hankel, H.— Zur Gesckichte der Mathemaiik im 
Alt erthum and Mitt elalter, Jaerpzig, 1874. 


(6) 

Heath, T,—The Thirteen Books of Euclid^ 

'$ Elements^ 

m 

I, Cambridge, 1908, pp. 352-364. 

Von Schroeder, L. — Indien Literatur und 

Kultur, 

(8) 

Leipzig, 1887. 

,, — Pythagoras und 

die 

Inder, 


Leipzig, 1884. 
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Am a, 212 . . , 

Apastamba, Authority mentioned, 
26-27 ; Burk’s edition, 20; 
Commentaries of, 10, 13. to 
Srauta-sutra of, 1, 13, 25n, 
Sulha-sutra of 3-4, 13, 25 
^SMra-farihhdsdi 13. 

A'pdstafiihiyci' Bulhd-hlideyat 10* 
Aranyaka, 25. 

Ardha-dasama, 213. 

Ardha-navamaf 21B. 

Ardhydf 44. _ ^ 

Area, combination, /I et seq> ; To 
draw a square equal ^ 
times a given square, *1“'^ » 
nth part of a given square, 4- 
76 ; sum and differenee of two 
given squares, 76-80 ; two 
liven pentagons, 80-82; two 
liven triangles, 80; Deamtion 
5f, 96 ; Problems of, m ancient 
India, 2, Transformation oi, 
83 et seq.; square, from^ iso- 
sceles triangle, 92*93, from 
leetangle, 88-86, from rbom- 
bus, 94, into rectangle, 85-90, 


square and rectangle, into iso- 
sceles trapezium, 90-92, into 
rhombus, 93-94, into triangle, 
92. (See also Measures.) 

Aryabhata 1, 16, 18. 

Aryahhatiyaf 16, 

Astadasa-karmiif 188. 

Asia-mdhat 170* 

Aiiamedha-vedi, 34, 152 et seq., 
162 et seq. 

Asvainedhika Agni, l^<2-/3. 

Asvaniedhik'i‘Vedi, 107, 188. 

AtfiaTva-vedd^ schools of, In* 


Babylonian mathematician, 213. 
Bakhshali Manuscript, 208. ^ 

Baudbayana, 

His sources, 2o, 26, Srauta^ 
sSitro of, 1 ; Mba-sutra of, 2-d, 
26 et seq. 

Bahya-visesa, 197n. 

Bhdgd, 212. 

Brdhmam, 25 

Primary functions, 29; Source 
of geometry in, 25-27. (See also 
Maitrdyaniya Brdhmana, bata- 
patha Brdhmam, and Taittinyd 
BrdJmiana.) 

Bhdradmja Grhya Sutm, 13. 
Bbaskara (Second) ,_12 ; Bi]aganita 
of, 165. 

Brahmagupta, 17. 

Biirk, 86 et seq. ; 107 ct seq. 


Galand, 86n. 

Baturasra^syendcit, 109-110, 112, 
120. 152. 

CaturhUdgona, 213. 

Catur..guna. 

Gaturt’kd-sa'DiseSdrdhd. 213. 
CatuTtha-saviseBa-saptama, 2x3. 

Catuskaram, 188. _ 

Chinese mathematicians, 
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Circle; Area of, DivisioQ?, 
equal, ,42-43; Doubiiog, 21 ; 

, , Magui tildes, 201 ; Squaring and 
; Dice 'Dersa^ 18-19, -21, 27, , 40, 
143-51. (See also, Postulates, 
Quadrature,' ■Segment, and 
Square.) 

Commentators, 10-11, 13, 16-19. 

Compass, Possibility of, 34. 

Congruence theorems, 44. 

Constriiotionsv 52-70;' ' Parallelo- 
■ gram, '67-70 ; Perpendicular, 

' „ t.2-65 ; ■ ' Bectangle, 62-63 ; 

, Square, 55-62; Trapezium, 
'isosceles, 63-66. (See Altar.) - 

Cylinder, Volume of a, 101. 


Dahsin^i}, 21, 120, 203. 

Dak§imgnit 27, 81, 203 ei seq^ 

DarHpaummn dsa-sTitraf 13. 
Ddriapaurnamdsihi'Cedh 30, 34. 

Darm Sacrifice, 21, 

Demonstration, 50-51 • 

Dhisniya^ 42, 150. 

Diagonal, bisects a rectangle and 
mutually, 43, 46. (See also 
Postulates, Pythagorean Theo- 
rem, Eectangle and Ebombus.) 

Dimension. (See Spatial Dimen- 
sions.) 

Double-producer, 71. 

Dronct 23. 

Drona-eit, 150, 214. 

Duadui'fl, 212. 

Dvdmkandtha Yap'd, 10, 18-19, 
87 ei seq. 

DtH-gunaf 212 . 

Dm-ka-ranh 188. 

Dijirajjtidvihafd^dt 64. 

Dvi-saptama, 213. 


Eggeling, 158n. 

Egyptian mathematician, 213. 
EkddaMnl^Dedit 162 et seq, 
Ekarajivavikam^ai 64. 
Ekasata-vidhat 169 et seq, 
Ehasat^’^rndhay Agni^ 160. 

Ekamdka Agnh 171. 
Ekavi^ia-vidka^ 172 ei seq» 
Equation, Solution of. (See Quadra- 
tic equation, Simple Equation.) 


Factorisation, 218-20. 

Figures, construction of siTailar, 
24; Division of, 24 ; Eectill-, 
near, 222.' (See also Similar 

Figures.) 

Fire altar, 152 et seq. ; Enlarge- 
ment of, IBSet seq,, 174 et seq,, 
203 et seq . ; Falcon-shaped, 22- 
' " 23, .67, 183 et seq., 215-216; 
bending the wings, 87-38 ; con- 
struction of, 154 it seq., 15Sn; 
enlargement of, 166 et seq.; 
form of, 134; magnitude, 34; 
measurement, 34-37. ^ (See 
Altars, Ahacaniya-, Dnhsina, 
Garhapatya.) 

Fraction,- 212-17 ; Division of, 214;' 
Fraction ,of a, 213;, .General' 
fraction , 213 ; , Operations' wl tli , 
"213-17; Squaring of a,; 216;' 
Terminology of, 212-13; Unit 
fraction, 212 et seq. 


Garbe, 25. 

Gdrhapatija, 21, 27, 203 et seq,; 
Altar of, 21,31, 150, 

Gdrhapatya-ciii, 31. 

Gdfliapatya-vedi, 180-81. 

Geometry, Hindu, before 300 B.O., 
6-7; Before 3000 B. C.,27ef. 
seq.. Esoteric, 2n ; Growth of, 
20 ; Influence upon Greek Geo- 
metry, 9; Manuals of. In; 
Name of 1, 7,8Sn; Origin, 
2-6, 20, 25 et seq., 30 : Practi- 
cal, 2n ; Problem of, in Sulba* 
sutm, 2; Propositions of, in 
the Sulba, 21, 22, 24; (q. v.). 

Gopala, 10. 

Grhya-sMfai In. 


Ha^samukht, 82 
Hankel, 50-51, 104, 106, 107. 
Health, 111. 

Hemadri, 13. 

Hindu Geometers, 50, 

Hindu Geometry. (See Geometry j) 
Hira^yaheii &ulh(i, 2, 29. 

Horse Sacrifice, 178. 

34. 
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Indeterminate .Equations, 180-86. 
Indeterm,inate problems, ,178 et 
seq. 

Irrationality, of (See Surds.) 
Irrationals, first discovery by the 
Hindus, 115 ei 
If/i-f/fffna, 21. 


Jainas, Canonical works of the, 

, 201-g. 

JanUflQl, 
rJunge, 106. 


Kalpa-sutra, It In. 

Kamya Agnit 2S, 24, 38, 120, 121. 
Kapardisvami, 10, 13, 19. 
Kapi^piala Samhita, 28* 

Eahka, 28. 

Karani, 188. (See Surds.) 
Karavindasvami, 10, 14-17. 
Kanna’dvpikat 11 . 

Kddi 212. 

Kdtliaka SoMiitdt 28- 
Eatyayana, 1, 4-5, 10-11, 26. 
Kotthoma-vedi, 152. 
Kv^V'Ci-yOrjur-veda, 2. 

Kunddkrtif 11 . 

Kurmut 23. 


Laksahoma-Dedif 152. 

Leonardo Eebonacci of Pisa, 180. 
Ll/drafl, 12. 

Line, 222; Angular units of, 69. 
(See also Straight Line.) 


Magnitudes, 2-3. (See also Circle, 
Spatial Belations and Magni- 
tudes.) 

MahMeva, King of Devagiri, IS. 
Mahd^vedii 22, 64, 96-97, 98, 163. 

(See also SaumiM-vedi ) 
Mahavira, 180. 

Mahidhara, 10 ; Works of, 11. 


MaitrSyana, ■Brahmana, ; Srati' 
ta-sutraoti 2; Bulha-sutra of, 
6 ; Sulha, 12 ; Sd^hitdt 98, 28n. 

Manava, Stmita'-sutra of, 2 ; 

sutra of, 5-6 ; commentary of 
Sivadasa, 12. 

Mantramahodadhit Age of, 11. 

Mdrjdliyat 34, 43. 

Mmakdt 2. 

Mathematics, Jaina school of, 
201n; Problems of Hindu, 2. 

Measures, Areas and Volumes of, 
95 et seq, ; kinds of, 8. 

Mensuration, 96. 


Vaffl, 67. 

Nemicandra, 201- 

Nirudhapasuhandhci, 21 ; -vedi, 137. 
Nitya, 20. 

Nitya Agni, 21. 

NyafLchanat 68. 


Oldenberg, 27. 


Padya^ 44. 

Paitrkh'oedlt 22, 75, 113. 
Pdkaydjnikl-vedi , 162. 

Pak^estaka. 67-68. 
Pancadasa-bhdgat 22. 

Pancaguna, 212. 

Paflcakarna : vide Pentaiateral. 
PaUcama (Pancama-bMga)^ 212, 
ParlcamltMn. 

Pancdgnit 62. 

Parallelogram, Construction of, 
67-70 ; Measurement of area of, 
96. 

Paricdyyat 23. 

Paricdyya-cit, 150. 

PdrSvamdnij 221. 

Pahi-yajm, 21. 

Pdtinit 62. 

Paurnamdsa sacrifice, 21. 
Pentagon, 80-82, 

Pentaiateral, 80-82. 

Perpendicular, Construction of, 
62-66. 

Pitr*yajM^ 98. 
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Postulates, 41.el5%. ; Gircle,.di? 2 - j 
, sibility, 42;, Circle, .maximum | 

; 'square described wit-Mn a, ^49; | 
Diagonals, ' . mutual bisection';. | 

, ,44 ;„' Diagonals of/ a' rhombus, 1 
perpendicular bisection, 45; j 
Bectangle, bisection by diagonal, | 

, 4B'; Bectangle, relation with a j 

parallelogram, p. 48 '■ Bectangle, j 
, relation , with the rhombus in- | 
/ scribed, , 48 ; . Square, relation I 
: with the '.square inscribed, 47; j 
Square, relation with the tri- j 
. ..angle , inscribed, 47'; , Straight j 
line, equal divisibility, 41 ; Tri- j 
angle, bisection of an isosceles, | 
46 ; Triangle, equal and similar | 
division. 42. (See also Sulba.) j 
Pmci, 221. I 

Pragpamsa, 22. 1 

Pfflwdtifl, 196. I 

Prauga,2S. 

Prailga-ciiif 121 . 

Prism, Volume of a, 101. 

Proclus, 178. 

Progression, Arithmetical, 217-18. 
Problems, Geometrical, 22-23 ; 
Solutions of, 52 ef seq. (See 
Constructions, and Indetermi- 
nate Problems.) 

PtWiya, 221 . 

Puruxat 102, 

PnnisahhdsaflBl. 

Pyramid, Volume of the Pnistum 
of, lOI-S. 

Pythagorean Theorem, 24, 71, 104, 
et seq, '<; Arithmetical character 
vs. Geometrical character, 
107-8 ; Bhaskara’s proof, 118 ; 
Chinese origin, 118 ; Converse, 
105-6 ; Early History , 1 1 9-22 ; 
Early knowledge and employ- 
ment, , 32*33 ; Geometrical | 
proof of the Hindus, 115-19; j 
Hindu vs. Greek origin, 106 et ! 
seq.. 118. i 


Q. E. E., Coriesponding term in 
Hindu constructions, 50. 
Quadratic Equation, 165 et seq . ; 
Solutions of complete, 166 et 
seq ; Discrepancies, 168 et seq,; 
Solutions of pure, 165; 


165 ; . hiC = c, 16S ; = 


1 -f 


165 ; a •“ = 1 *f 


2ni 


166;, 7#-f = •fm, 166 et 


seq. 

Quadrature, of a circle, 40. 
Quadrilateral, 47, 43. (See also 
Square.) 


Kama, , 10 - 12 . . 

Eamacandra, 13 , . 

Rathacakra. 23 . 
liathaeakTa-dJti. 120 , 150 ., 

Bational Bectangle, 109, 123 et 
seq.. 178 et seq , ; Dcrivotion, 
Apastamba's formula, 136 ; by 
the Hindus, 136 ; Early HiFiory 
. .of, 138-39,; Euclitr's formula, 

■ ■ . 13.5-36 . ; .. Hindu. . discovery , 

124-27 ;. Hindu .knowledge of 
general rules, 127-89 ; Kumber 
of, known to the Hindus, 127 ; 
P'Jato’s form Ilia, . 134 - 36 # 
Pythagoras’s discovery, . 1 * 27 ; 
Pythagoras’s .for m'ula# 133 - 36 . 
■(See also Eationai Bectangle. ) 
Eationa! Eight-angled Triangle, 
178-80. . 

Bectangle, construction,- given 

■ sides, 22, 62-63; Equal to a 
square, 23 ; Diagonkal bisec- 
tion, 43 ; Measurement of, 95, 
9Q et seq. ; Square on the diago- 

. 'nai equal to sum of the squares 

■ on the sides, 24 ; Transforma- 
, tion, into isosceles trapezium, 

90-92 ; rhombus, 93-94 ; square, 
83-85, 206; triangle, 92. (See 
also Construction, Postulates, 
Bational Bectangle, Ehombus 
and Square.) 

Bectilinear figure, measurement of, 
95; construction, having given 
area, 98. ♦ 

Rg-Veda. Saiiihita, 27 el seq.; 
Schools of. In. 

Ehombus, Construction , equal to a 
square, 23; Dlsgonals bisect 
mutually, 45 ; Formation by 
joining the middle points of the 
sides of a rectangle, 48- (See 
also Postulates, Bectangle and 
Square.) 
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■ Eiglit-aBgle. {See Straight 'liioe..) 
Bight-angled Triangle, 106 ; Con- 
straction, Eapardisvami’s, 13, 
Karavicdasvami’s, 14-16; 
' Eama’Sjll.. 

Bodit, 208..: • 

Boot, Hindu' name of, 188. 

Bole of Three, Bhaskara’s (Second), 
12 ; LtlavatVs, 12. 

Euler, use in construction, 33. 


Sacrifice, Bm'a, 21 ; Jafi, 2; Niru- 
dhapahibandha, 21 ; Obligatory, 
20 ; Optional, 20, 2S ; Fahh 21 ; 
Paurnamdsa, 21 ; Soma yajna. 
21; Vedic, 20 et $eq, 

Sadus, 34. 

Sadgunisisya, 18. 

8amara>sdra>i 11, 
Samara-safa'samgrahaf 11. 
Smasmia, 23. 

Sama- feda^ Schools of, In. 
Samhitd: see Kapiqthala Sathhita, 
Kdthaka Samhitd^ Maitrdyamya 
S am h itd , -Pg-V eda S am h ita . 
Taittinya Samhitd^ Vdjasaneya 
Samhitd, 

Samuhya 23. 

Samuliya-cit^ 150. 

Sankarabhatta, 12. 

Sdnkhydyma Gfliya-paddhati, 11 . 
Sapdamarkaranl, 188. 

Sapta-vidhai 170. 

Sdradd-tiJaka. T antra ^ 11 , 
Sarvdhhyasa^ 167- 

Satapatha Brdhmanu^ 27n, 28 et 
seq.i 28 n. 

Saumili4-vedi, 22, 64-67. (See Malid- 
'Dsdl'^ 

Sautrdmam-vedii 22, 75, 98, 107, 
162 et'seq., 186. 

SavUesa^ 188, 196-202. 

Sayan a, 12, 

Scalene triangle,^ Source of discov- 
ery by the Hindus, 45. 
Schopenhauer, 107. 

Segment of a circle, Hindu method 
of finding area, 17. 

Series, Early reference, 217; Pro- 
gressive, 217-18. 

Similar Figures, 40, 152 et $eq, ; 
Construction, given a side, 162. 
(See also Trapezium.) 


Simple -^Egnation, solution of, 177. 

Sivadasa, Commentator of Mmm'va- 
Snlha^ 12 . 

Smas&na^cit^ 101 etseq. 

SodaM, 197n. 

Soma-yajfia, 21 . 

Spatial dimensions, 215. 

Spatial relations and magnitude, 2 
et seq, ; 25 et seq. 

Square, 27, 40 ; Area, on its diago- 
nal is double its area, 22, 109 at 
seq,; History of the theorem, 
40, 105 et seq., 114-15 ; Area, on 
the diagonal of a rectangle 
equal to sum of squares on sides, 
24, 27. (See Pythagorean Theo- 
rem.) Area, double of a trian- 
gle on the same base and with 
equal altitude, 47. To con- 
struct, area equal to 108 sq. 
padas, 98-99 ; equal to a simple 
multiple or submultiple of 
another, 23 ; equal to the sum 
or difference of two equal, 23; 
To construct, a circle equal in 
area of a, 21, 140-43; and vice 
versa, 21, 140-43; To con- 
struct, having given the side, 
21, 33, 55-62 ; To construct a 
triangle or rhombus equal to a, 
23. Enlargement of a, 176; 
Mensuration of a, 176 et seq. ; 
Eelation with the quadrilateral 
formed by joining the middle 
points, 97 ; Size, maximum, 
within a circle, 49 ; To trans- 
form, into an isosceles trapezi- 
um, 90-92; from an isosceles 
triangle, 92-93 ; into a rectan- 
gle, 23, 86 ; from a rectangle, 23 ; 
into a rhombus, 93, from a 
rhombus, 94, into a triangle, 92 ; 
(See also Areas, combination 
of. Circle, Construction, Postu- 
lates, Pythagorean Theorem, 
Rectangle and Bhombus.) 

Srauta-sutra, 1 - 2 . 

Sruti, source of Geometry in, 26-27. 

Straight line, to draw at right 
angles to another, 52-56 ; Equal 
division of a, 40-41. (See Pos- 
tulates.) 

SuIapSni, IS. 

Sulha, Definition of, 7-8 ; Early 
origin of matter in, 39 ; Postu- 
lates of, 41 et seq, ; -proof vs. 
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, Euelisliaii' : proof, 60';, O-ecbiDical'' 

, terms of, ,221-26. (See ^ulba^ 
sMraJ) \ 

SuJM-fMpikat 10. 

Sulha-mima^s a, 10. 

^ulha-Praiipa, W, . 

SuMa PmdiJpilm.^ 10. 

. Sulba-sutrarOf Apastamba, 3-4; of 
BaodhayaDa., 2-3 ; Giassificati'on 
of, 6-7 ; Commentators of, q.v. ; 
'Definition of,, ' 1-7 ; Number of , 
1, In; ir eYalnated according 
to, 18; Problems of Geometry 
in, 2, 2c ; Study of, 12 ; Time 
of, 6-7. 

&tiJha-sutra-vivaranaf 10. 

Sulha-sutm-Drtti, 10. 

^ulha-vaTttika,ll. 

Stilba-Dyakhyd^ 10. 

Snndararaia, 10, 87 et seq.; Age 
of, 17-18. 

Suparna^citit 34n. 

Suparna Garutman (or Supatna^, 34. 

Surds, 186 et seq . ; Evalnation of 
some, 205 ; Formula, approxi- 
mate, 206-11 ; Hindu knowledge 
of, 185 ; Hindu knowledge of tbe 
irrationality of ^^2, 195-203 ; 
nationalisation of simple, 185; 
^tdha name of, 188 ; Value of 
a/ 2, 188-89; Hindu origin of, 
189-94 ; Value of a/3, 194-96. 

Syenat 34. 

Byem-citf 22-23. (See Altar, 
falcon-shaped ; Caturasra-lSyena- 
oil, Vakrapaksa-Syena-cit). 

Symmetry, Line of, 221. 


Taittinya Brahmana, 25. 

Taittinya SamMta, 25-26, 28-31. 
Terminology, 212-13. 

Terms, Technical, 221-26. 

Theorem, Geometrical, 21-22, 24; 

Pythagorean, 24, 104 et $eq* 

. Thibaut, 86 et seq,, 108 et seq, 
Tiryahmdm, [221, 

Transformation, Geometrical, 23. 
Trapezium, Area of, to find tbe, 
22 ; Isosceles, to construct an, 
face, base and altitude given, 22, 
31-32, 63-67 ; similar and egual 
to a third of another, 153 i simi- 
lar and double its area, 164 ; 


similar; and n times its area ,154 ; 
similar and equal to. multiple or 
• sub-m,ultiple of another, 22 sim,i - 
■ lax to a given one and having a 
^ .given ; altitude, 163 ; Isosceles, 
ha¥mg an area of 324 sq, padas, 
99-101 ; Measurement ; of , 96-96 ; ' 
Isosceles , to transform , a square ' 
or rectangle into ' an, 90-92, 
(See also Construction, Eectan- 
gle and Square.).. 

Tfayodam, 212. 

Triangle,' area of a, is ,■ hail the 
square OU' the same , base and 
' equ al ;ai.lifc ude , 47 ; To' construct ' 
a, equal to a,, square, .. 92'; Divi- 
sion of a, into equal and similar, 
-parts, 46; Isosceles, .to bisect 
an, 46-47; Measurement of, 96, 
96. (See also Postulates, Bee- 
tangle, Bight-angled Triangle, 
Scalene triangle and Square.) 
Tn-astama, 213. 

Triguyat 212, 

Tri-karayty 109, 188. 

TfUaUkdj Age of, 11. 

T^tlyadcaranif 109, 188. 


Uhhayatah. praiiga, 23. 
Uhhayh 46. 

Uparava, 34. 

U tiara tedi, 83, 34. 


Vadhula, 2. 

Vajasaneija Samhitd, 28, 

Vakrapaksa-Syma-cit, 38, 112 et 
seq, 

V akrapaksa-Vyastapucclia-Syena, 
23. 

Vakrapaksa’-Vyasiapiicchd^Syena- 
cit, 197n. 

Varaha, 2, 6. 

Veddiiga, Meaning of, 1- 

Veddrtha-dtpikd, 13. 

Vedi, Configuration of, 221 ; En- 
largement of, 158 et seq, ; Line 
of symmetry, 221; Beiative 
position, 30 ; Time of existence, 
39. 

Vedic Altars, 20 et seq . 
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.Vedic Sacrifices, 20 et seq, 
■VeBkate^vara Bikshita, 10 . ■ 
Fisefa, 196-202. (See algo Abhyan^ 
tara-Viseia, Valiija-vUesa md 
SaviSeqa , " 

Visnuhhahti'KaJpatatQ-prakaMy II. 
Folume, measurement of, 101-^. 


w, 18, 14849. 

^2, 11, 12, 188-89, 202*3 (See also 
Surds.) 
v'S, 194.95. 
l/-%/8,19. 

v'^, 205*0. 

^^61, 205-6. 


lajtiT-Vedai 28 ; Schools of, In. 




‘H 

■ SOME ^OP THE UNIYERSITY PUBLICiTIONS 
ON MATHEMATICS 


■^'MaMces and Deteminoids, .■YoL I {BeadersMp Lecturer 
deliver ed at the Galcutta University) ^ by G. B. OolllSj 
M.A., Ph.p., D.Sc. Sup. Eoyal Bvo pp. 442. 1913. 
English price 24:S, net. 

Contents Cbap. I — Introduction of Eectangular Matrices and 

Determinoids. 

,, n — Affects of the Elements and Derived Pro- 

ducts of a Matrix or Determinoid* 

,, III — Sequences and the Affects of Derived 

Sequences. 

IV — Affects of Derived Matrices and Derived 
Determinoids. 

„ V — Expansions of a Determinoid. 

,, VI — Properties of a Product formed by a Chain 

of Matrix Factors. 

,, VII — Determinoid of a Product formed by Chain 

of Matrix Factors. 

„ VIII — Matrices of Minor Determinoids. 

„ IX— Bank of a Matrix and Connections between 

the rows of a Matrix. 

,, X — Matrix Equations of the First Degree. 

„ XI — Solution of Any System of Dinear Algebraic 

Equations. 

Prof. Culiis will earn the gratitude of mathematical students 
for affording them the opportunity of obtaining a right perspective 
of an important branch of pure mathematics, whose developments 
so far have appeared in scattered notes and memoirs not always easy 
of access. Examples are abundant, and, while a large number of 
them are liustrative, there is a good collection of suggestive exercises 
indicating the directions in which further original work may be done. 
— The Journal of Education, 

The chief feature of this book is that it deals with rectangular 
matrices and determinoids as distinguished from square matrices and 

* The right of publication of this book is held by the Cambridge 
University Press (Fetter Lane, London, E, C. 4', on behalf of the 
Calcutta University and copies of the hook may be had of the firm, 
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, .determioack, tile detemiinoid of .a recfcangolar matrix hmnu related 
to it just, as a determioaiit is related to' a. square matrix, Tbe author 
■ endeavours to set fort!i a complete theory of these two subjects, imd 
v uses the first .volume to give' the, .most.- fundamental portions of the 
. theory* Two more volumes 'are prom.ised, the second to give the 
, 'more advanced portions of the theory, and the third its applications, 

. , , ' This is new ground and the author has done a splendid piece of 
work and ■ with the piiWisbers deserves, much credit. 

: . /femker (Syracuse^, U. 8. A,). 

^Matrices and Detei?mliioids, ■ VoL' II; ■ ' ,'S!i|)., Eoy a! Sm 
pp. '573. 1918. ■ English price 42a. mi. 

Contents :—Ghap. XU — Compound Matriees. 

. XIII—Eebtions between the' E,leiiieB,ts a ad, 

M.inor 'Depart.ineats of a Matrix. 

„ ■ XI V'—Some Properties of Square Matrices. 

,, XV— Ranks of Matrix Products and Matrix 

Factors. 

' „ , ■ a Matiix 

whose Elements are Constants. 

,, XYII— Some Matrix Equations of the Second 

Decree. 

,, XVIH— The Extravagances of Matrices and of 

Spacelets in Homogeneous 
Space. 

„ XIX—The Patratomy and Orthotomy of Two 

Matrices and of Two Spacelets 
of Homogeneous Space* 

The outstanding feature of the work, which the author properly 
emphasises, is the detailed discussion of rectangular, as distinguished 
from squard, matrices. For this reason alone the work ought to give 
a great stimulus to the subject, and we hope that the publication of 
the whole treatise will not be long delayed.- Until it is finished, it 
will be difSenlfe, if not impossible, to give a proper appreciation of it, 
especially as the author introduces so many new symbols and tech- 
nical terms. One thing, however, is certain; we now have the 
outlines of a calculus of matrica in which the operations of addition, 
subtraction, and multiplication are definite.— Vafwrr. 

The present volume worthily maintains the traditions of the 
Cambridge University Press, and is a most valuable addition to 
the rapidly growing series of volumes for which the Readership at 
, the University of Calcutta is responsible.— defence Progress, 


^ The fight of puhlieaiion of this hook is held by the Cambridge 
Unim^sity Press {Fetter Lane, London, M, 0, 4) Ion behalf of the 
Calcutta University and copies of the booh may h$ had of the firm. 
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^Matrices and Detarminoids, Vol. HI, Part I. Eayal 
8yo pp. XX + 682. 1926. English price £d 3s. net. 
Bndian price BiS. 4i5. 

Contents Chap. XX — The In,*esoluble and Irreducible 

factors of Bational Integral 
Functions. 

,, XXI — Besultants and Eiiininants of Ea- 

tional Integral Functions and 
Equations. 

„ XXII — Symmetric Functions of the El8» 
ments of Similar Sequences. 

,, XXIII— -The Potent Divisors of a Bational 

Integral Functional Matrix. 

,, XXIV — Equipotent Transformations of Ra- 

tional Integral Functional 
Matrices. 

„ XXV— Rational Integral Functions of a 
Square Matrix. 

„ XXVI— Bquimutent Transformations of a 

Square Matrix whose Elements 
are Constants. 

,, XXVII— Oommutants. 

,, XXVni— Commutants of Oommutants, 

,, XXIX — Invariant Transformands. 

Appendices. 

♦Chapters on iUgebra (being the First Three Chapters of 
Matrices and Determinoids, Vol. Ill), by C. E. Cullis, 
M.A., Ph.D., D.So. Sup. Eoyal 8vo pp. 191. 1920. 
Es. 11-4. 

This Volume deals with rational integral functions of several 
scalar variables as also with functional matrices. 

♦Fnnctions of Two Variables, by A. E. Forsyth, F.E.S. 
Sup. Eoyal 8vo pp. 300. 1914. Es. 11-4. 


The right of publication of this booh is held by the Cambridge 
Unwersity Press (Fetter Lane ^ London, 0^4) on ^behalf of the 
Calcutta University and copies of the book may be had of the 
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.The a-tilto's, fiarpose is 'to- deal . ■■wi& a seieclion of pritieipIeH 
„aad generalities: .tliat' belong', to' the ■. initial stages of the theory of 
functions ' of .. two com:pl6s vanahks.- ■ . The consMeratloii of re» 
lations , between, independent .'wiabies '. and dependent variables 
has been .made more eompiete with illustrations in tlim publica- 
fcton. 


Analytical Geometry of Hyper-spaces, Part I (Pvemchanfl 
Boychand Studentship thesis, 1914), by Siirendi'a- 
mobaii Gangopadhyay, D.Sc. Demy 8 to pp. 03. 1918. 
Ee. 1-14. 


Do., 11. Demy 8vo pp. 121. 1922. Es. 3-12. 

.It, deals with certain ■ interesting problems in tt-dimensional 
Geometry, the method adopted being one of deduction from first 
principles. The second part contains certain interesting results in 
the Geometry .of Hyper-spaces,, which is now recognised as an 
indispensable part of the science with extensive applications in 
, .mathematical. Physics. In the treatment of subject- .matter,, the 
easiest possible methods have been adopted, so that the discussions 
can be followed by an ordinary student of Mathematics without a 
knowdedge of Higher Mathematics. 


Theoi^y of Bighm Plane Cums, Vol. I, by Surenclra- 
mohan Gangopadhyay, D,Sc. (Third Edition^ thoroughly 
revised mid enlarged.) Demy 8vo pp. S964“xxi. 1981, 
Es. 6-8. 

^ The work is designed to meet the Syllabus prescribed by the 
University for the Master’s Degee and is intended as an introductory 
course suitable for students of Higher Geometry. The present 
volume which is a thoroughly revised and enlarged edition of the 
earlier includes new materials together with recent researches which 
will not only be of use to the students for the Master’s course but 
will also encourage independent thinking in students of higher 
studies engaged in research work. 


Theoryl of Higher j Plane Curires, Vol. II, by Supendra- 
mohan Gangopadhyay, D.Sc. (Second Edition, 
thoroughly revised and enlarged.) Demy. 8vo pp. 408 
1926. Es. 4-8. 

This volume deals with the application of the theory in studying 
properties of cubic and quartic curves* 
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, , ,,T,his TOliime is an endeavour to, give as complete an account of 
the properties of cubic and quartic curves as could be compressed 
within the limits of a single volume of moderate size, confining the 
discussion to the prominent characteristics of these curves. The 
subject has been presented in clear and concise form to students 
commencing a systematic study of the higher curves, indicating 
references to original sources as far as practicable. It is very useful 
to students of higher plane curves. 

Pai*aiiietMc Co-efficient {Griffith Memorial Frwe^ 1910 ), 
by Prof. Syamadas Mukhopadhyay, M.A., Ph.ji. 
Demy '8vo Bs. 3-0. ■ ' ’ ' i ■ ■ 

Collected GeometHcal Papei»s, by Prof. Syamadas Muklio- 
padhyay, M.A., Ph.D. Crown 4to pp. viii + 158. 
Bs. 4-0. 

Part 11. Crown 4to pp. vi + 137. Bs. 3-8. 

Professor J. Hadamard Paris: “ My interest in your new 
methods in the geometry of a plane me, which I had expressed in 
1909 in an (anonymous) note in the retjwe generate des sciences, has 
far from diminished since that time. 

Precisely at my seminaire or colioquum of the College de France, 
we have reviewed such subjects and all my auditors and colleagues 
have been keenly interested in your way of researches which we all 
consider as one of the most important roads open to Mathematical 
Science,” 

Professor Geissen : ** I am surprized over the beau- 

tiful new calculations on the right-angled triangles and three-right- 

angled quadrilaterals (in hyperbolic geometry) Your analogies in 

the G-aussian Pentagramma Mirificum are highly remarkable.” 

Professor IF. Blaschke, Hamburg : “ I am much obliged to you 
for your kind sending of your beautiful geometrical work. When, as 
I hope, a new edition of my Differential Geometry comes out, I shall 
not forget to mention that you were the first to give the beautiful 
theorems on the numbers of Cyclic and Sextactic points on an oval.” 

Prof. Blaschke has quoted S. Mukhopadhyay in the third edition 
(1930) of the first volume of his classical work on Differential 
Geometry. 

Professor T. H, Forsyth, London : “ The first part of your Collec- 
ted Geometrical Papers is an attractive record of fine mathematical 
attainment : and I„am glad to learn, not only of the manifest 
advances you have made m our science, but also of the stimulus your 
work has afforded toother investigators. I can offer you no better wish 
and suggest no prouder aim than continual success in your Ee- 
searches.’* 
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■7 *' T TAiir CoilBCJted Qreoai6trical PiipcTSi 


B„ ,h. caM P.(.r. tola be « »» ?.»• P^*”" 

ill. geometrical, research. ■ • 


Profa^sor F. C«jo«V C^«W to 

I shall have occasion to refer tu 

your interesting worfe.” 


Pro/morP.,Montel,PcnV:‘‘^^^^ 

beautiful work “ tberein and I am happy » having 

with many of the j thus in a position to judge anew 

them in a of YOur methods which have led you to 

of the simplicity and rigour of your meiinou 
elegant results.” 


p„(. L. G.j», 

rouged mj keen sttota o£ Qeometrie Superieore, aa expoei- 

sir;ka'?,iui." of workeo. B. to." 


Pro,. T. tokCioi... P.~ . 

very ingenious P®,Pf ,ubiectsV^ have treated in so deep pd 

iSs1s”ab“torpprec!Lihe result 
penetrating methods you have employed. 


rector Oaloutak (Srijill. 

prasanna Bhattaoharyya, M.A. Uemy ov pi 
E s. 3-0. 


An attempt '^®®?pf’?“®{ fe^r-ana?y sis on a basis indepen- 

author to P'af ^'’^®*f“i^i°S.fnJI^amates and to establish the 
dent of any ''e*®'®"®®, ataectly from first principles as also 

ri«S?sni«- .< <»» • 

point ot view - 


M.A. Demy Svo pp. 54. Es. o-i • 




Tbe subject of the “j “ ®®]^'^iefemnce to t^^ geometrical 


Keolpfocal Polai*s of Coiiic Sections {Pfemchand Ro.yohand 
Studentship thesis, 1900), by Krishna prasad De^ M.A. 
Demy 8vo pp. 66. Rs. S. 


All Intfodnction to the Theory of Elliptic Fnnctloiis and 
Higher Transcendentals, by Ganesh Prasad , M . A . , 
D.Sc., Hardinge Professor of Higher Mathematics, 
Calcutta [Iniversity. Royal 8vo pp. 110. 1928. 

Rs. 8-12. 


Theory of Fourier Series, by Ganesh Prasad, M.A., D.Sc. 
Royal 8vo pp. 152. 1928. Rs. 5-4. 


Prom a letter to the Registrar jroni Professor Henri Lebesgue of the 

Paris University, Member of the Institute of France {translated 

into English) : 

“Paris, 

The 19th October, 1928, 

Sir, 

I have the honour to acknowledge the receipt of ‘Sis Lectures 
on recent Researches in the Theory of Fourier Series,’ by M. Prof, 
ganesh Prasadj^ 

I have pleasure in finding in that work a simple and clear ex- 
position of the actual state of advance of certain of the most import- 
ant problems concerning trigonometrical series. The documentation 
is true and complete : it is only once that I have had occasion to 
find anything in which the erudition of the author appears to be in 
default : M. Kolomogoroff, pursuing the studies indicated on p. 53, 
has obtained an example of a function of summable square of which 
the Fourier Series diverges everywhere. 

For justifying the enunciation which he gives, M. Ganesh 
Prasad utilises the original demonos tration of the first author : then 
he gives a historical note, very interesting by the side of the old 
demonostration . M. Prasad gives always, whenever possible, as 
simple a proof as the question under consideration would: allow. 
Many of these proofs are due to M. Prasad himself, for example, 
that which M. Prasad gives on pages 6^-61 for a criterion for the 
summability (C 1) which I enunciated at another time. 

M. Prasad presents his researches elegant and interesting, by 
which be has carried further the classical work of do Bois-Heymond.” 

From the review by Professor L. Bieherhach of the Berlin 
University in the Jahresberieht derdeutschen Mathematiker-Vereini- 
.gung (translated into English) : “ The work gives a comprehensive 
account of the results on the convergence and summability of Fourier 
Series, things about which the author has also earned merit.” 
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Six Lectures on the Mean Yaiue Theorem of the Differen- 
tial Calculus, by Gaaesh Prasafi. M.A.. D.Se., 
Hardinge Professor of Higher ilethematics, Calcutta 
University. Royal 8vo pp. 108 + viii. 1931. Es. 3. 

: ^'Frmna Utter to the Beg istrar from Professor EFPt. Hedrwlt of ike 

Unitersity of Gatiformai Los Angeles:^. ' mid President of the 
' Ametkan Mathematioal Somtf i h ■ 

^*Oefoher (iS, mi. 

'■■'Dime. S ir, '' 

I am writing to, tbauk you am! to express my appreciation of 

' tile ' book itself and of' your .kindnesa. m sending it tome. Tlie 
scholarly work of Profes-^or Pra‘=5afl ■ is known to mafcliem.atieians 
throHgboQt the world and T feel aiire that the present volume will 
add greatly to his reputation, as an eminesl ixiat.liematician.'’ 

From a letter to the Registrar from Prof essot *4. Pringsheim of the 

Unwersity of Munich (trmslated into English) : 

10th December^ 19S1. 

Very honoured Me. Mukherjee, 

For the sending of the beautiful book of Prof. Prasad on the 
mean-value theorem of the Diferentiai Oaleuius, which has interest- 
ed me vividly, I express to you iri.y sincerest thanks.'’ 

Khandakhadyakam, edited by Pandit Babua Misi-a, 
Jyotishaoharyya. Demy 8yo pp. 217. 1925. Rs. 2. 

The book is an astronomical work by the great Scholar 
Brahmagupta. It contains the commentary called Vasaua-Bha-sya 
by Amaraja. This is the only available work which describes one 
of the two systems of astronomy as taught by Xryabhata I (born 
47G A.B.), generally known as Xrdharatrika system and is different 
from the Audayika System as taught in his Arya-bhatiyam. It 
was wddely read by Arab Scholars and was known by the name of 
Alarkand. Hence it is a very important work on the History of 
Hindu Astronomy. 



